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ABSTRACT
Hidden Markov chain (HMC) models, applied to a HilbertPeano scan of the image, constitute a fast and robust alternative to hidden Markov random field (HMRF) models
for spatial regularisation of image analysis problems, even
though the latter provide a finer and more intuitive modelling of spatial relationships. In the framework of generalised mixture estimation and unsupervised classification of
noisy images, we here show that the two approaches can be
combined in a way that conserves their respective advantages. Sample results obtained on simulated radar images
are presented.
1. INTRODUCTION
Hidden Markov random field (HMRF) models are often used
to impose spatial regularity constraints on the underlying
classes of an observed image and to allow Bayesian optimisation of the classification, according to criteria such as
the maximum a posteriori (MAP) or the maximum posterior marginal (MPM). However, the computing time is often prohibitive with this approach. A substantially quicker
alternative is to use a hidden Markov chain (HMC) model,
which can be adapted to two-dimensional analysis through
a Hilbert-Peano scan of the image [1, 2, 3, 4].
In the case of unsupervised classification, the statistical
properties of the different classes are unknown and must be
estimated. For each of the Markov models cited above, we
can estimate characteristic parameters with iterative methods such as estimation-maximisation (EM) [5], stochastic
estimation-maximisation (SEM) [6], or iterative conditional
estimation (ICE) [7, 8]. Classical mixture estimation consists in identifying the parameters of a set of Gaussian distributions corresponding to the different classes. In generalised mixture estimation we are not limited to Gaussian
distributions, but to a finite set of distribution families [9, 4].
For each class we thus seek both the correct distribution
family and the parameters that best describe its samples.
In a recent study [10], we compared analysis schemes
based on HMRF and HMC models on simulated synthetic
aperture radar (SAR) images. We limited ourselves to the
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ICE estimation method and the MPM classification criterion. It was shown that the HMC method can compete with
the HMRF method in terms of classification accuracy, while
being much faster. The latter method, however, generally
produced more regular region borders and a more visually
pleasing result, but the estimation of the regularity parameters often failed. The idea behind the current article is
therefore to combine the speed and robustness of the estimation and classification methods based on HMCs with the
fine spatial modelling of HMRFs. For the analysis schemes
described in this article, the only image-dependent parameter that must be entered by the user is the number of classes.
In addition the list of distribution families that are allowed in
the generalised mixture must be adapted to the image type.
All other parameters are computed automatically.
The article is organised as follows: In section 2 the
HMRF and HMC models are briefly introduced. Section 3
gives an overview of the ICE parameter estimation methods
and the MPM classification schemes for these Markov models. More detailed descriptions of models and methods, as
well as implementation details, are given in [10]. The main
issue of this article is a new approach, based on a combination of the two schemes mentioned above. Estimation and
classification results obtained on simulated SAR images are
reported in section 4, and our conclusions are resumed in
section 5.
2. MODELS

  

pixels of an
Let be the finite set corresponding to the
image. We consider two random processes
and
, where represents the observed image
and the unknown class image. Typically, each observed
pixel amplitude depends on several factors, including the
radiometric properties of the underlying class , the transfer function of the imaging system, and various noise phenomena. Each random variable
takes its values from a
finite set of classes (labels), whereas each realisation of
is a real (or complex) value. We here suppose that the random variables
are independent conditionally on , and
that the distribution of each
conditional on is equal to
its distribution conditional on . This basically means that
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Fig. 1. (a) Pixel neighbourhood structure and (b) associated click families
and
in the case of 4-connectivity.
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Markov random fields are defined with respect to a neighbourhood structure , such as the one shown in Fig. 1 (a).
is a Markov random field if and only if the probability
that the pixel belongs to a certain class , conditional on
the classes attributed to the pixels in the rest of the image, is
equal to the probability of , conditional on the classes of
the pixels in its neighbourhood .
On certain conditions, which are generally assumed in
digital imagery, the Hammersley-Clifford theorem [11] establishes the equivalence between a Markov random field,
defined with respect to a certain neighbourhood structure
, and a Gibbs field whose potentials are associated with
. The potentials are computed on the system of clicks
, which describes the elementary relationships within the
neighbourhood. We have restricted ourselves to a -neighbourhood and click family , as shown in Fig. 1, and Potts
model with regularity parameter [10].
The Hammersley-Clifford theorem, Bayes’ rule and the
conditional independence of the samples allow us to derive
analytical expressions for the global a posteriori distribution
and the local a posteriori probabilities
in the framework
of the HMRF model.
It is not possible to create an a posteriori realisation of
according to
directly, but it can be
approximated iteratively, e.g. with Gibbs sampler [12]. This
algorithm can also be used to create a priori realisations of
. Due to their iterative nature and slow convergence, the
computing time is considerable.
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In a slightly different sense than above, let now
and
be the vectors of random variables ordered according to such a transformation of the class image and the observed image, respectively.
According to the definition,
is a first order Markov
chain if and only if the probability that
, given
the classes of all the preceding elements in the chain
, is equal to the probability of
conditional on
only.
The regularity parameters of the HMC model are the elements of a stationary transition matrix , and a posteriori
realisations can be computed directly, i.e., without iteration,
through so-called forward-backward recursions. Unfortunately, the original forward-backward recursions are subject
to serious numerical problems [13, 3], so we have used the
alternative method proposed by Devijver et al. [13, 10]. The
fact that no iterative procedures are necessary to simulate
a posteriori realisations makes this approach much faster
than estimation and classification schemes based on HMRF
models.

2.1. Hidden Markov Random Fields



(c)

Fig. 2. Construction of a Hilbert-Peano scan for an 8x8 image: (a) initialisation, (b) intermediate stage and (c) result.

we suppose spatially uncorrelated noise.
is in many cases well described by a Markov model.
In this context we refer to it as a hidden Markov model,
as is not directly observable. The classification problem
consists in estimating
from the observation
.
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3. METHODS
In practise, the regularity parameters and the parameters of
the distributions of the classes are often unknown and must
be estimated from the observation. The problem is then double: We neither know the characteristics of the classes nor
which pixels are representative for each class.
We first present classic mixture estimation, where all
classes are supposed to be Gaussian, and then introduce
generalised mixture estimation, where several distribution
families are possible for each class. There are several iterative methods for mixture estimation, including EM [5],
SEM [6] and ICE [7, 8]. We only consider the latter here.
In a Bayesian framework, the goal of the classification
that “best” explains
is to determine the realisation
the observation
, in the sense that it minimises a certain cost function. Several cost functions can be envisaged,
leading to different criteria, such as the MAP, which aims
at maximising the global a posteriori probability
,
and the MPM, which consists in maximising the posterior
marginal distribution
for each pixel. We here
only consider MPM classification.
The methods are only described very briefly in this article, and we focus on the differences between the two Markov
models. As already mentioned, more thorough descriptions
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2.2. Hidden Markov Chains
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A 2D image can easily be transformed into a 1D chain, e.g.
by traversing the image line by line or column by column.
Another alternative is to use a Hilbert-Peano scan [1], as illustrated by Fig. 2. (c). Generalised Hilbert-Peano scans [2]
can be applied to images whose length and width are not
powers of .
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Fig. 3. Classification of a simulated 3-look SAR image into 3 classes: (a) Ideal class image. (b) Speckled amplitude image.
Results obtained (c) with the HMRF method and (d) with the HMC method.
and implementation details are given in [10]. However, we
here explain how these two approaches can be combined in
order to improve the efficiency.

work of classic mixture estimation and HMRFs, the following computation steps are carried out for each iteration:

Y
Y

3.1. Mixture Estimation



ICE consists in computing the conditional expectation of the
parameters. As the ideal class image is unknown, the ICE
algorithm iteratively creates a posteriori realisations and recalculates the class and regularity parameters. In the frame3

A certain number of a posteriori realisations are computed with Gibbs sampler, based on the parameters
obtained in the previous iteration.
The class parameters (which are the mean value and
the variance for a scalar Gaussian distribution) and
the regularity parameters are estimated for each realisation and then averaged.
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Fig. 4. Fit of the generalised mixture estimation performed (a) by the HMRF method and (b) by the HMC method on the
simulated 3-look SAR image with 3 classes.
The ICE algorithm needs initial parameters, which can
be computed from an initial class image. We have used the
K-means algorithm, which subdivides the grey-levels in
distinct classes iteratively.
In the case of HMRFs, the regularity parameter cannot
be estimated directly. We have chosen to estimate in each
ICE iteration with a modified stochastic gradient algorithm,
relying on a series of a priori realisations computed with
Gibbs sampler [10].
In order to reduce the computation time, we generally
compute only one a posteriori realisation for each iteration
of the ICE and only one a priori realisation for each iteration of the stochastic gradient. This simplification does not
imply any significant performance loss.
The procedure is similar for the analysis scheme based
on HMCs [10], except that a posteriori realisations can be
simulated without iteration, through forward-backward recursions. Moreover, the regularity parameters can be computed directly from the conditional probabilities. This approach is therefore considerably faster.
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3.3. Classification

Z

When the distribution families and the associated parameters of each class have been determined, we can proceed to
the classification. In the case of HMRFs, the MPM [14] is
computed as follows:

Y
Y

For each pixel we retain the class that has occurred
the most frequently there.

3.4. Hybrid Method
Preliminary tests [10] revealed that the scheme based on
HMRFs in many cases has difficulties in estimating the regularity parameters, whereas the estimation method based on
HMCs is very robust. The latter method is also much faster.
Nevertheless, in cases where the HMRF method estimates
the regularity parameters correctly, it provides a more satisfactory classification result. In particular, it produces more
regular region borders.
In order to take advantage of the positive sides of both
approaches, while avoiding the negative ones, we propose
a hybrid method, where we first run the ICE and MPM algorithms in the framework of the HMC model, and then,
initialising with the estimated parameters, effectuate only a
very restricted number of ICE iterations and the final MPM
classification with the HMRF versions of the algorithms.

In generalised mixture estimation, the distribution of each
class is not necessarily Gaussian, but can belong to any distribution family in a predefined set. This implies the following modifications to the above ICE algorithms:

Y



The required number of a posteriori realisations and iterations per realisation will be discussed in section 4.
The MPM solution can be calculated directly for HMCs,
based on one forward-backward recursion. We simply attribute each pixel to the class that maximises the marginal a
posteriori probability.

3.2. Generalised Mixture Estimation

Y

A series of independent a posteriori realisations of
are computed iteratively, using Gibbs sampler.

The parameters of all possible distribution families
are computed from the a posteriori realisations for
each class.
The Kolmogorov-Smirnov distance is used to determine the most appropriate distribution family for each
class [4, 10].
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Fig. 5. Classification of a simulated 3-look SAR image into 4 classes: (a) Ideal class image. (b) Speckled amplitude image.
Results obtained (c) with the HMRF method and (d) with the HMC method.
4. RESULTS

applied to speckled images, due to the high degree of overlap between the distributions of the different classes.

In order to compare the three approaches quantitatively, we
have created two simulated synthetic aperture radar (SAR)
images. Both visual interpretation and automatic analysis
of data from imaging radars are particularly difficult, due
to a fading effect called speckle, which manifests itself as
a strong granularity in detected (amplitude or intensity) images. For example, simple classification methods based on
thresholding of grey-levels are generally inefficient when

The possible distribution families in the generalised mixture has been chosen so that they are well adapted to singleand multi-look amplitude radar images [15]. For simplicity, we here consider only two distribution families, corresponding to homogeneous and textured classes, respectively. Assuming the speckle to be spatially uncorrelated,
the observed intensity in a zone of constant reflectivity is
5
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Fig. 6. Fit of the generalised mixture estimation performed (a) by the HMRF method and (b) by the HMC method on the
simulated 3-look SAR image with 4 classes.
Gamma distributed. If we assume that the radar reflectivity texture of a class is Gamma distributed, the observed
intensity will obey a K distribution. The corresponding amplitude distributions are given in [10]. The equivalent number of independent looks of the image is assumed to be
known. The mean reflectivity and the texture parameter
are estimated automatically [10].

The number of ICE iterations is set to 30 also for the
corresponding analysis scheme based on the HMC model,
and we compute only one a posteriori realisation per iteration. Fig. 3 (d) shows the result of the MPM classification.
The method based on HMCs here gives a more satisfactory
result, with 83.9 % of correctly classified pixels. In particular, the overall regularity of the image seems to be better
estimated.
Both methods correctly identify Gamma distributions
for the darkest and brightest classes, but only the HMC
method found that the class in the middle was K distributed.
The fit between the estimated and the true distributions in
Fig. 4 is generally very good, except for the case where the
HMRF method chooses the wrong distribution family.
The computing time is quite different for the two approaches: The programme based on HMRFs spent about
120 minutes on a PC with a Pentium III 733 MHz processor running Linux, whereas the programme based on HMCs
only needed 3 minutes and 12 seconds. Hence the latter
method was 37 times quicker for this image.
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4.1. Simulated SAR Image with Three Classes
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Figs. 3 (a) and (b) represent an ideal class image with 3
classes and its 3-look (
) speckled counterpart. The
darkest and brightest classes are both Gamma distributed,
whereas the one in the middle is K distributed with texture
parameter
. The contrast between two consecutive
classes is
dB. The image size is
pixels.
Let us first consider the ICE and MPM algorithms based
on the HMRF model. We use 30 iterations for the ICE algorithm, with only one a posteriori realisation per iteration.
As the resolution is not the same vertically and horizontally
for this image, we allow different regularity parameters in
.
the two directions, with initial values
Within each ICE iteration, the maximum number of iterations for the stochastic gradient is set to 10, with one a
priori realisation per iteration, but we interrupt the iteration
earlier if
and
differs less than
from the previous values. Gibbs sampler with as much as 100 iterations
is used to generate the a priori and a posteriori realisations.
The convergence of the global energies is in fact quite slow,
especially for realisations according to the a priori distribution. The MPM classification based on the HMRF model
relies on 10 a posteriori realisations. The regularity parameters were estimated to
and
, respectively. However, the classification result in Fig. 3 (c) seems
far too irregular, and only 72.7 % of the pixels are correctly
classified.

] c(dDba
_eDbf

fRgh@jikfRgh@

*9lm*oncpaRDqf

*9l *on

4.2. Simulated SAR Image with Four Classes
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Fig. 5 (a) represents an ideal and approximately isotropic
class image with 4 classes, and Fig. 5 (b) shows
the corresponding speckled image. The parameter settings
and the radiometric characteristics of the classes are the
same as for the image in Fig. 3, except that an additional
Gamma distributed class with higher reflectivity has been
added. Fig. 5 (c) and (d) represent the results obtained with
the HMRF and HMC methods, respectively.
The regularity parameter for the HMRF method is here
, which visually gives a very satisfactory result,
and the proportion of correctly classified pixels is 87.0 %,
whereas it is 85.2 % for the method based on HMCs. The
borders are slightly more irregular for the latter method, but
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Fig. 7. Classification results for the simulated 3-look SAR images with (a) 3 classes and (b) 4 classes, obtained with the new
method combining HMC and HMRF models.
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Fig. 8. Fit of the generalised mixture estimation for the simulated 3-look SAR images with (a) 3 classes and (b) 4 classes,
obtained with the new method combining HMC and HMRF models.
some of the narrow structures are better preserved. Both
methods correctly identified the distribution families of all
four classes, and the fit of the estimated distributions is comparable, as can be seen from Fig. 6. The HMC algorithm
was, however, 25 times faster. The computing time was here
3 minutes and 19 seconds, against 84 minutes and 21 seconds for the HMRF method.

mixture estimation of the HMC method with the fine spatial
definition of HMRF models. We have used 30 ICE iterations for the HMC part, followed by one single ICE iteration with one a posteriori realisation and the MPM with 10
a posteriori realisations for the HMRF algorithms.
Fig. 7 (a) represents the classification result obtained
with the new method on the simulated SAR image with 3
classes. Visually, the classification result is far better than
those given in Fig. 3, and the portion of correctly classified
pixels has increased to 85.8 %. The distribution families
of the different classes are correctly identified, and the estimated regularity parameters are
and
.

4.3. Hybrid Method
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The rationale of the new hybrid method described in section 3.4 is to combine the computing speed and the robust
7

Comparing Fig. 8 (a) with Figs. 4 (a) and (b), we see that
the overall fit of the estimated distributions is improved. The
computing time is 11 m 38 s, which is nearly 4 times slower
than the algorithm based on HMCs, but 10 times faster than
the method based on HMRFs.
Likewise, Fig. 7 (b) represents the classification result
obtained with the hybrid method on the simulated SAR image with 4 classes. It is very close to the classification result
in Fig. 5 (c), obtained with the HMRF method. The portion of correctly classified pixels is the same (87.0 %) and
the estimated regularity parameter is very close (
),
but the new method is approximately 7 times faster. The fit
of the estimated distributions, shown in Fig. 8 (b), is also
slightly better.
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This article describes unsupervised classification of noisy
images in the framework of hidden Markov models and generalised mixture estimation. Methods based on HMCs, applied to a Hilbert-Peano scan of the image, constitute an
interesting alternative to methods based on HMRFs, mainly
because they are considerably faster and because the estimation of the regularity parameters is much more robust.
However, HMRFs ultimately offer finer spatial modelling.
We therefore propose a new hybrid method, where we use
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excellent mixture estimation and classification results.
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