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Provability Logic

The logical system characterizing provability logic correspond to a
modal logic K4, the logic consisting of:

[]

[]

Bew|A — B] — ( Bew[A] — Bew|B]) (K),

Bew|A] — Bew| Bew|A]] (4),

if T A then 7* - Bew|A] (neccesitation)
fixpoint-property on Bew|].
complete set of axioms of propositional logic

if A and ma A — B then #* + B (modus

2
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The language
Definition 1 The language Lg1,s is defined as;
1. 1, P,e ATO for all 1€ N
2. If A, B € Lgrs then —A, AVB, ANB, A— B, UA € Lgpg

From now on we interpret O as Bew|], and we limit ourselves
to propositional logic.
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The agenda
0 Provability Logic formulated as Gentzen type sequential calculus
0 Modus Ponens - an instance of the more general cut rule
0 Cut introduces “"magic” to the proof

0 Important to understand cut-elimination
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Knowledge about proofs

Definition 2 Let © be a proof. Then |R(xw)|, where R is a n-ary
inference rule, defined by recursion on w as follows:

1. If w is the proof of an axiom then |R(7)| =0

2. If the last rule applied in 7 is R, and the immediate subproofs of =
are my, ... ,m,, then [R(m)| =1+ >, |R(m)].

3. If the last rule applied in 7 is different from R, and the immediate
subproofs of w are m,...,m,, then |R(m)| = > ", [R(m)|.

\
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Definition 3 A connected region u is defined as:
1. If u is a sequent then it is a connected region.

2. If u1...u, are connected regions and R is an inference rule such
that I' - A is a logical consequence of u...u, then

M1 jy7%
'FA

b

IS @ connected region.

Definition 4 If u is a connected region, then inf(u) is the sequent in
the root of the region i, sup(u) is the set of sequences not following
logically from any sequents in the region.

N R == Norsk Regnesentra -/
~
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Definition 5 Let u; and us be two connected regions such that there
exists a y € sup(uz) such that y is a logical consequence of inf(u1)

Then we write the region-concatination of u; followed by us as;
M2

M1

that itself is a new region.

Definition 6 Let u be as in the previous definition, then:

N R == Norsk Regnesentra -/
~

8 The proposed algorithms for eliminating cuts in the provability calculus GLS do not terminate ANVENDT DATAFORSKNING




.

Transformation on regions

Definition 7 Let u; and us be connected regions. u, is transferable
to pa, p1 — po iff inf(ur) = inf(u2).

Definition 8 Let uy; and us be connected regions. u, is reducable to
po (we write puy — ps) iff ui —— p1 and d(ps) < d(p1). w1 is strictly
reducable to pus if pp — po and d(psz) < d(u1).

Lemma 1 upy+—

Lemma 2 (p)" — pu

If © and k both are regions, we write k(u) when pu is a subregion in k.
Lemma 3 If uy — po then k(py) — w(ue2).

Proof: Obvious.

N R == Norsk Regnesentra -/
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Regions and modality

Some regions in GLS proofs are significant and deserve specific names:

Definition 9 A connected region i is modal free region, MFR, iff
IGLR(p)| = 0.

Definition 10 The largest modalfree region relative to a proof m is
the modal free closure of 1, M FC(rw), with respect to the conclusion
of .

MFC(r) is a connected region.

Definition 11 An upper bound of a MFC is the set of supremums of
the modal free closure of the MFC, in other words
ub(MFC(m)) = sup(MFC(r)).

Definition 12 If the upper bound of MFC(mw) = {S1,...S.}, the
exterior of the MFC(w) are the proofs my,... ,m, for respectively
S1,...,Sn.

N R == Norsk Regnesentra -/
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Lob’s theorem proved automatically

Theorem prover VALSAM's proof of LOb's theorem:

The sequent + (((A) — A)) — (JA) is a theorem in GLS'.
The tree looks like this:

A A
(0A4) - A, A,0(0A4) — A),UA0AF A
AL A O(0A) - A),HAFTA
O(0A) - A),HA,AF A O(0A) - A),0AF A/LJA

(0A) - A, 00(0A) - A),HA+ A
O((0A) - A) DA
- (O(0A) - A)) — (OA)

N R == Norsk Regnesentra -/
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Eliminating cuts in GLS
Problems:
0 Modal rules might cause loops in proofs
0 Every application of GLR gives rise to a new possible world
0 GLR gives new modal formulas

0 There is a cutfree proof of every theorem in GLS since GLS' is a
cut free calculus proven to be complete in the previous chapter.
Hence there should be an algorithm for systematically eliminate
every cut given a proof m in GLS.
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Leivant’s proposal

Leivant proposed a solution to GLS where he considered proofs like

TL TR
| |
O, O = o AOA, o, Up, [JAF A
orr o,  CLE O0A,OpFOA GLE
fig.1 Or,0A F OA cu

Definition 13 We say that a proof « is in Sambin Normal Form
(SNF) if and only if the last inference rule in 7 is the cut-rule, and the
last inference-rule applied in each subtree is GLR.

Now the cut over that is in SNF and by MOV Ey.; it is reduced to:

TL ™R
. | |
_ O, Ode F ¢ A,0A, ¢, Up, A K A .
cutg
U, Oe F ¢ r,Ur, A, 0OA, e, e, A - A
GLR contr
Ur + Qe r,Ur, A, UA, Op, A - A

cutq

r,Or, 0, A, O0A,OAF A
r,Or, A, 0A,O0AF A
Or,0Aa FOA

contr

GLR
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Valentini’s argument

(1) If |GLR(7r| =0 then Oy is introduced by weakening and we can
eliminate it from the tree. Then we apply the move VAL-I:

TL
| ™
R
* r,UOr, Qe F e |
Tr, GLR
_ LUr = Oe A,LOA, o, e, A - A .
cutg
O - ¢ Or, A, 0A, ¢, A - A .
cutq
r,Ur, dr, A, 0Aa,0AF A
contr

r,dr, A, 0A,O0AF A
Or,0Aa - 0OA

GLR

Where 77 is like mp, except that every introduction of Llp by weakening
is removed. (2) If |GLR(n| > 0 then the core of Valentini's reduction
is VAL-II (core):

TL L
| - |
L ™R
GLR
LT = Oe U, Qe F ¢ . LUr = Oe A, OA, p,Up, A F A .
cuty q1 cut2
r,O0r, 0T - ¢ @ Or,a,04,,0AF A

cutq

r,0r, 0, 0r, A, 0OA, 04+ A
r,Or, A, 0O0A, OAF A
Or,0Aa F0OA

contr

GLR

ANVENDT DATAFORSKNING
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Valentini’s response to |GLR(w)| >0

Uc + UOc Uc + Uc
Oe, Oc,0Or* + Oc a_h. Oe, Oc, Or* + Oc
m_m_.A e, e, 0™, Or*0dC + C m_w
| Oe, Or* + OcC |
Oc,r,0r, e F ¢ m_b. Oc,r,0r, Oe F ¢ .
c,Ue,r,dr,Uep F ¢ | c,Uc,r,0dr, e F ¢ |
Lo, Ur - Qe r,Or, Oe F ¢ Oo, Or + Qe e, e, r*, 0Or*, 0OC - C
o, r, 0, dr + ¢ e, dr, o>, 0Or*, 0c,0cCc + C
r,0r, 0, 0O, r*, 0>, 0c, e, dc - C©
r,Ur,r* 0Or*, 0OC + C
Or, 0r*, - Oc
(CCco) e, Or, Or*, - OC

15
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and then we write the general move VAL-II as:

T

ccc _Q
| e, e, r*, 0Or*,dJC + C
| O, Or* + OcC
r,O0r, 00, Oe F ¢ m_.
r,Or, Qe F ¢ _Q
Or + Oe r,0Or, Oe F ¢
r,Or, Or F ¢

cuty gl

T .

J
|

e, e, r*, 0Or*, 0C + C

e, dr* + OC
|
23
|

r,UOr, Oe - ¢
LT = Qe

Tr
|
A, LA, o, Up, A K A

r,Ur, A, 0A, p, A+ A

cuty

r, 00,00, A, 0A,0AF A

cutq

r,dr, A, 0A,0AF A

contr

ur,0a +0A

where o* is like p; excep is added and p** is like p; excep is
here ¢% is like g, t 0C is added and g%* is like o; t O |

added.

Definition 14 We call the j'th GLR application that plays the
significant role the VAL-II reduction for the left principal GLR,

(LPgLRr).
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SHIFT arguments

TL
7 @
HJHH - DHT A wea HJHH _I_ DHH
|
01 TR 01 © succed(A)
| | |
NMEALA Lo, A As . 'y F A
', Ta = Aq, Ay cu — I't,Ta = Aq, Ag

We say in this case that we apply a shift argument on the left
branch.For the right-branch we have similar argument.
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Addition and subtraction on trees

Definition 15

IfFTF A is a sequent S, then ant(S) =T, succ(S) = A.
ant(S) ® A=TU{A}

succ(S) ® A=AU{A}

if AeT then ant(S) © A=T)\ {4}

A € A then succ(S) 6 A=A\ {4}

We write antr((¢) to denote the set of antecedents in ¢ and succg(o)
to denote the set of succedents in p. Algebra on regions is defined as:

\_ N _NIHMI\” Norsk Regnesentrdl ~~_/
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Addition and subtraction on trees

Definition 16 Let p be a connected region, let A be a formula then
o0 ® antec(A) is defined as:

1. If d(p) =0 then p is a sequent and
o ® antec(A) = ant(p) U A F succ(p).

2. If d(p) > 0 and the last rule is a n-branching rule with immediate
subregions p; ... 0,, then

o1 @ antec(A) ... o, @ antec(A)
p @ antec(A) = ant(inf(o)) U At succ(inf(o))

Then we define o @ succed(A), 0© antec(A) and p© succed(A) likewise.
This gives a language for expressing precicely what & and && are,
0; = 05 ® antec(JC) and o7* = g; @ antec(LI).

\
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Region multiplication

Definition 17 Let S; and S2 be sequents, then
S1 @ Sy = ant(S1) U ant(S2) F succ(S1) U suce(Ss)

Definition 18 Let p; and p» be connected regions,
lcut(p1)| = |cut(p2)| =0 and |GLR(01)| = |GLR(p2)| = 0. By recursion on
both d(p1) and d(o2) we define ).

1. If d(p1) =0 and d(o2) =0 then 01 Q) 02 = inf(o1) @ inf(o2).

2. Let d(p1) =0 and d(p2) > 0 and the last rule applied in g2 is a n

branching rule ® with immediate subregion ol ... o} then

o1 05 ... 01 0%

01 02 = inf(o1) ® inf(o2)

R

If d(o1) d(o2) > 0 and the last rule applied in g is a branching rule

R with immediate subregions pi ... o7 then

n

o1 02 ... 0
01 02 = inf(o1) ®inf(o2)

02

R

\
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roperties o region multiplication

e 01 and py are connected regions in GLS , then
01 02 o2 01

e Let o and o are connected regions in GLS with n binary
branching rules in o and m binary branching rules in p . Let the
trunc regions below the lea nodes are o and @Q_ ort n and 1
L et the lea nodes contain the sequents S and S7.  hen we ha e

1. o o contains (n ) ( ) leaf nodes.
2. The upmost trunc regions in p o arep mu. :

The leaf nodes in p o contains the sequents S & 5.

\_ N _NIHMI\” Norsk Regnesentrdl ~~_/
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4 I
egeneralit o t e R mo e

Definition 1 Let C ( 1 3) denote the region:

1 2

| |

eoe 1 ambin ormal orm heorem isa roo in L
containing only one cut as the final in erence rule and and ha e
C sp andp with res ecti ely n and m lea nodes, then there is
a roo such that
o0 )

(o @m@oom&ﬂg ) (0 ©antec(ld ))

|
' o= 1 2

where C' ( 7Y are on oralli n and

\_ N _NIHMI\” Norsk Regnesentrdl ~~_/
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Reasoning about concrete proo ob ects
The proof

Let be the subproof
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€ an S re ucCc on se€ uences o

0
@f @f @_ 0
:f :f :_ 7

Cut( o )=

Cut( o )=

Cut( o )=
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g l P
etthe e i n e e then
7 ey in e ti n eq en e n e

w itten
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