-

e NOFrsk

= Regnesent
~”  NORWEGIAN COMPUTING CENTER

Joint 4D inversion of
multiple data sources
for CO, monitoring

ce oo

Note no SAND/20/11

Authors Odd Kolbjgrnsen, Heidi Kjgnsberg

Date December, 2011

© Copyright:
Norsk Regnesentral




N

e NOTsk

- Regnesentral
* NORWEGIAN COMPUTING CENTER

About the authors

Dr.Ing. Odd Kolbjgrnsen is a chief research scientist at the Norwegian Computing
Center, while Dr. Scient. Heidi Kjgnsberg is a senior research scientist at the same
company.

Norsk Regnesentral

Norsk Regnesentral (Norwegian Computing Center, NR) is a private, independent,
non-profit foundation established in 1952. NR carries out contract research and
development projects in the areas of information and communication technology and
applied statistical modeling. The clients are a broad range of industrial, commercial and
public service organizations in the national as well as the international market. Our
scientific and technical capabilities are further developed in co-operation with The
Research Council of Norway and key customers. The results of our projects may take
the form of reports, software, prototypes, and short courses. A proof of the confidence
and appreciation our clients have for us is given by the fact that most of our new
contracts are signed with previous customers.

Norsk Regnesentral Besgksadresse Telefon - telephone Internett - internet
Norwegian Computing Center Office address (+47) 22 85 25 00 WWW.NF.No
Postboks 114, Blindern Gaustadalléen 23 Telefaks - telefax E-post - e-mail

NO-0314 Oslo, Norway NO-0371 Oslo, Norway (+47) 22 69 76 60 nr@nr.no



Title Joint 4D inversion of multiple data sources
for CO, monitoring

Authors Odd Kolbjgrnsen, Heidi Kjgnsberg
Date December, 2011

Year 2011

Publication number SAND/20/11

Abstract

This note discusses the general framework of 4D inversion with multiple data-sources,
phrased as a filtering and smoothing problem. Statistically this is formulated as a
Markov process prior distribution, with multi-dimensional state variables. This is a
well-established field, and the purpose of the current paper is twofold; to recapture the
general equations and relations of the filtering and smoothing theory for Markov
processes; and to outline the general framework we will work under in the NFR funded
MonCO2 project.

Keywords Inverse problems, 4D inversion, Kalman filter,
Markov process.

Target group Project participants

Availability Open

Project number 808007

Research field Geophysical inversion

Number of pages 22

© Copyright Norsk Regnesentral






Contents

O 1 ) f o Yo 16 ] 1o ] o [P PTP 7
22 Y/ =1 d g Lo To o [o Yo V28 7
2.1 The Prior MOGEL......cooeeiiei e e 7

D © ] 11T 8V 0] 1T 9

2.3 Bayesian network and the Kalman filter ...............cccoviiiii e, 10
2.3.1  PrediCtion SEEP ......uuuueeeeiieiiiiiiiiiiiiiiieiesbeiesseesieseseeeseeeenee e 10

2.3.2  UPAALING STEP ..uttiiiiiiiiiiiiiiiiiiiiitiiiiiiiie bbb 12

2.4 SMOOTNING. ... 12

3 Formulas in IN€ar-GaUSSIAN CASE .....uiveuiienieeieiee et e et e e s e e 13
4 SPECIAI CASES ..oviiiiiiiiiiiiiiiiee ettt 15
4.1 Typesofvariables.........coo 15

N O00 | ¢ (=1 =1 (=10 [N (0] £ TP 16

4.3 MUIIPIE DAt SOUICES ... ceeiiieetiicie e e e e e e e 16

D TNE AD WOTKIIOW ettt ettt e et e e e e e e e e e e aenns 16
LT N = 7= Ty Tod o] g Lo 1o <Y 16

5.2 The 4D workflow for data and rock physics iNVersion............cccccvvvvveeeeen.n. 17

B R I BN C S .ot s 19
7 Appendix: Modeling assumplions .........ceeiiii i 19






1 Introduction

A major part of the NFR funded MonCO2 project is to integrate seismic-travel time
data, seismic amplitude data, and gravimetric measurements with a stochastic rock
physics model in order to obtain a best possible picture of the spatial distribution of the
injected CO2. This note defines the main 4D-framework for the inversion and
summarizes the workflow. Details regarding the individual steps are documented in
separate notes. A key component in the workflow is the inversion of 4D data into the
seismic parameters. Here we describe the general model in detail and show how we
use inversion schemes developed for 3D to achieve results also in 4D. The basic
assumptions in our approach, discussed in details below are, 1) Markov property in
time; 2) Linear evolution in time; 3) Local impact of data in time, 4) Linear or
approximately linear model for data conditioning; 5) Spatial stationarity or approximate
spatial stationarity of forward map in the problem.

Section 2 below recapitulates the general theory of filtering and smoothing in Markov
fields, and the special linear-Gaussian case. In section 3 we summarize the formulas
for the linear-Gaussian case, section 4 contains a discussion of special cases of the
model. In section 5 we outline the workflow of the project and highlight specific choices
we make in this process.

2 Methodology

In this section we present the statistical model for seismic parameters and observations
and define how our problem is solved. A key point in the work is that in the model/data
regime we use, our model always obeys a Markov property in the time steps. This
implies that analyzing the joint distribution of all time-neighbors will give us the
information we need.

2.1 The prior model
The seismic parameters defined at each time step {m;}}_,, are the unknown
parameters in our present problem. The prior model is assumed to obey a Markov

property in time. In a Markov chain the joint distributions are defined by the probability
distribution at the initial state, and the transition probabilities for all successive states.

p(ml' my,..., mn) = p(ml) H‘I’cl=2 p(mk |mk—1)'
Thus the distributions to be defined are:
p(my); p(m|m;_,), k=2, .n

The graphical picture of the situation is described by the figure below:
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A property of the Markov process is that this relation also can be inverted. This
situation is illustrated in the figure below.

This is described by the relation:

p(my, my, ..., my) = p(my) [TR=1 p(my|myess).

In the general case, the reverse relation can be obtained from the direct relation, by
inverting the joint distribution

p(my |myq)p(Myyq1) = p(myyq|my)p(my).

The models we will use are formulated in a linear-Gaussian framework, in which case
the statistical model for the forward transitions is described by the linear expressions

my = A_,\;mk_1 +Amy k=2,..,n

Where the arrow denotes the direction of the chain; A_k) , k =2,...,n are matrices; and
m; and Amy , k = 2,...,n are independent random vectors with the distributions:

m; ~ N(uyg, Zy),
imy ~ NGreAy), k=2,
In this model all seismic parameters have a multi-normal distribution,
m; ~ N(py, Zy).

The mean and covariance is obtained from the recursive relation:

e = Ahy—1 + Apy,

Ly = A_k)zk—lA_k)T +Ay.
Thus the reverse chain is defined as:

m, = K;mkﬂ + mk k=n-1,..,1

Here the arrow denotes the direction of the chain; A_k ,k=1,..,n—1 are matrices;
and m,, and Amy , k = 2, ...,n are independent random vectors with the distributions:

m, ~ N(un: zn)r

Ry ~ N(BRp A7), k=2, ..m.



By defining the joint distribution of m, and m,, in terms of left and right relations, we
get the two expressions:

Iy T Al

[ my Hi ]
Api1Zk  Apr1ZrAfyq + Agyq

~N [_,
mk+1] ( Ag1Py + Dysq

[ ]NN([icl_kum =

A Z A+ A ApZiyg
Myet Myt

AT
i1 Ag Iyt

Since these two are identical, this gives the properties of the reverse relations from the
direct properties:

Ay = Zp Al ity
Ay = e — Ag Picy1 = B — Zi Ay it 1+ 1

Ay =Ty — AT Al = T — LAl Bt 1 A B

2.2 Observations

The next important element in the model is the connection between data and seismic
parameters. Data observed at one time step is assumed to depend only on the seismic
parameters at the same time step. The situation is described by the graph below.

This is the property of locality in time, which is expressed by the relation:
p(dg|my, ..., m,) = p(d,|my), k=1,..,n
In the linear-Gaussian setting the model is described by the following relations
d, = Gmy + g, k=1,..,n

Where G, k = 1, ...,n are matrices; and g, are independent error vectors with a normal
distribution;

& ~ N(O, Fk), k=1,..,n



The conditional distribution of seismic parameters at the first time step is a standard
inverse relation:

p(m|d;) = p(my)p(d;|m,)/p(dy).

In the Gaussian framework the update of one parameter, given the data at the time
step, can be found through standard linear-Gaussian inverse framework (Hansen et al.
2006). In order to avoid mixing this relation with the recursive one, we look at the
inversion for the first time step only. In this case we have the expressions:

p(m4|d,) = N(M1|1'Z1|1)'
My = Mg +21GT (G Z,G] +T)71(d — Gypy),

Lin =% — 21G] (G12,G] +TI) 716G, X,

2.3 Bayesian network and the Kalman filter

The Markov chain prior and the localized observations defines a Bayesian network.
When we use a linear-Gaussian relation this situation is identical to that of a Kalman
filter, see Kiinsch, H.R. (2001). In a filtering approach we compute the distribution of
the seismic parameter at the current time conditioned to data prior to and including this
time, that is p(my|d,, ...,dy), fork = 1, ...,n. For short we adapt the notation

mk|k = mk|d1, ""dk

when it is convenient. The filtering solution is found by alternating updating
(conditioning to data) and predicting (advancing the model according to the Markov
chain). In the updating step we compute the conditional distribution of the seismic
parameter given the data. The first conditioning step is discussed in section 2.2.

2.3.1 Prediction step

The next step is a generic step for k = 2, ...,n where the distributions of seismic
parameter at a time step, my, conditioned to data from all previous time

steps, dj, ...,dy_q,is computed, that is p(my|d, ..., d,_;). This is denoted the
prediction step in filtering theory. A key property of this computation is that

p(my|my_q,dy, ..., di_1) = p(my[my_,).
This property follows from the locality in time assumption, and it means that m;,_,
masks data from prior time steps. The joint distribution of a seismic parameter at one

time step and the seismic parameter of the previous step conditioned to data from all
previous time steps is therefore factored as:

p(my, my_,|dy, ..., dg_1) = p(my_4|dy, ..., d_ ) p(my [my_,).

To compute the sought of quantity, p(m,|d, ..., dx_1), we reduce the joint distribution
by integrating out the seismic parameter at the previous time step, my_;.

p(my|dy, ..., dg_1) = fp(mk—1|d1: e Q) p(my Jmy_; ) dmy,_;.
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Data from the past influence the seismic parameters at present only through the
influence it has on the seismic parameter at the previous step. The reverse relation
p(my|my,4,d4, ..., dg) plays an important part in the backwards iterations. It is obtained
from the filter distributions and the prior transitions, using the identity:

) — p(mk+1 | mk) p(mk |d11"'1dk) .

m m )d""’d
p(my M., d; “ p(M,|d;,....dy)

In the linear-Gaussian theory we simplify notation by introducing the conditional mean
and covariance for the seismic parameter conditioned to data up to a given time step,

p(my|dy, ..., dj) = N(ppj, Zg)j)-

The prediction step in then simply to compute -y and Zy,_q from py_q 1
and Xy_qx-1 - This is given as:

Mije-1 = AxMi-1)-1 + Ay,
— T
Zpje-1 = Ap Zg—q k-1 Ax + A

The reverse relation in this step plays an important part in the backward iteration. Using
the notation,

— —
My = AgeMpyq +Amyg k=n-1,...1,

we find the relevant quantities for the backward iteration as:

_— —T
Ak\k :Ek|k Ay Zk+uk

A"k|k = Wy _Ak|kuk+ﬂk
— - — 7

A|<|k = Zk|k _Ak|k>:'k+ukAk|k

It is in particular the matrix Ay, which helps us sort things out below. Note that the

significance of the result is that we have defined a backward relation in a step where all
data in the past is taken into account. From the joint distribution

By } Eklk Ak|k2‘k+uk

S
Zk+]4k Ak|k )2

p(mk’mk+l|dl""’dk): N {
By

k+1k
we find the reverse conditional distribution

— <—T)

p(mk My, dy, s dy ) =N (uk|k + Ay (mk+1 _uk+1.|k)’zk|k = Ay ik Ak

11



2.3.2 Updating step
In the updating step we update our prediction by the data observed at the same time
step. The general relation is

p(my|dy, ..., dg) = p(my|dy, ..., dg_)p(d |my) /p(dgldy, ..., di_q).

The distribution p(my|d,, ..., dx_1) obtained in the prediction step, is used as a basis to
update seismic parameters at the time step k, with the data observed at the same time
step.

Keeping the notation from above, p(mg|dy, ..., d;) = N(ug, Agj), the inversion in the
linear-Gaussian framework is given by the relations:

-1

Wik = Weie—1 + Ziie-1Gh (GrZr—1Gr + T)  (di — GieMyepre—1),
-1

Zietke = Zkjk—1 — Zkjk—1Gk (GiZri—1GE + ) GiZgpr—1-

After the inversion step we have obtained the distribution of seismic parameters at the
current time, conditioned to observations at all times, the current included.

2.4 Smoothing

In the filtering approach we have a way to compute the distribution of the seismic
parameter at a given time conditioned to all data up to and including the time step, i.e.
p(mg|dy, ..., d). In the smoothing approach we compute the distribution of the seismic
parameter at a given time conditioned to data of all time steps p(my|d,, ..., d,).

The expression that gives the most insight to this relation is to consider the joint
distribution of the elastic parameters at two consecutive time steps, conditioned to all
data:
p(mk:mk+1 |d1|---ydn) — p(mk: mk+1) p(mk |dl""'dk) p(mk+l | dk+1""'dn) p(dl""’dk) p(dk+l""’dn)
p(mk) p(mk+1) p(dll""dn)

The validity of this relation follows from the locality in time assumption in section 2.2.

The expression consist of a prior term, p(my, my,1), Which is the joint distribution of the
seismic parameters at the two time steps; two likelihood terms, p(my|dy, ..., dg)/p(my)
and p(myy1|dgs1, -, dn)/P(My44), Wwhich summarize the data impact to the left and
right, respectively; and a normalization term p(dy, ..., di)p(dg+1, -, dy) /P(dy, ..., dy).

This proposes an approach for computing all transitions. First perform filtering for both
the forward chain and the backward chain, then combine the results using the
expression above. This is however not the common approach.

The standard approach is to first perform a forward filtering, then use the results of this
relation to form a backward smoothing with a new set of recursion relations. A key
identity for the backward computations is the identity:

P, M,y o) = PN, [y ) PM, [ M, )

12



Note that the distribution p(my|my.,,d4, ..., d;) is known from the forward
computations, see section 2.3.1. Using the latter, and integrating the joint distribution,
we find:

(M [y dy)
(M [dyomrdl,)

The distribution p(m,|d4, ..., d,,) is the final output of the forward iteration, and gives a
starting point for the backward recursion.

p(m,|d,,...d;)=p(m, |dl""’dk)J- E p(m,,, [m,)dm,,

In the linear-Gaussian case we have already established the distribution
p(my|my,,dy, ..., dg), thus we only need to integrate out p(my,|dy, ...,d,) in order to
find the distribution p(my|d,, ..., d,). It is done by using the rules of double expectation
and double variance to the conditional expression in section 2.3.1. Summarizing the
results we have:

mk|n~N(uk|n'zk|n)'
Wi = Wik + Ak (R 1 — Mi)i)s

- — T
Zem = Zkje — Ak Bk — Zkrajn) Ak -

We can now also establish the conditional forward Markov chain

M | ([ Mein Zgn AklkZk+1in
my.qn Mic+1in]’ |5 A ’
k+1|kBkn

2:k+1|n
[ +|1 71] N [ +|1 71]

— T
2:kln 2:klnAk+1|n ‘)
)
+~—T R -1 A Te-1
Apiin = ZkpnArikZk+1in = ZemZrkBAr+1 Zis1|kZk+1in:

[ ——
Aps1nZi)k L1

3 Formulas in linear-Gaussian case

Prior distribution

1.1 | Model (forward) my, =Agmy_; +Amy k=2,..,n

1.2 Distribution initial

state (forward) my ~ N(py, Z)

1.3 Distribution

increments Amy, ~ N(Ape,Ay), k= 2,...,n
(forward)

1.4 | Mean state k (forward i A
recursive) Mic = Akbic-1 + Al

15 | %, = AZ A, +A,
Variance state k k= SkZk-170k k

13




(forward recursive)

1.6 | Model (backward) my =Agmy,, +Amy, k=2,..,n

1.7 Progress — —T__4
(backward) A = ZxAg Lty

1.8 Distribution initial

state (backward) my, ~ N (i, Zn)

1.9 | Distribution
increments Amy ~ N(Ap, Ay ), k=n—2,..,1
(backward)

1.10 | Mean increment k T = T
(backward recursive) i = Mg — AgHi+1

1.11 | Variance incrementk | — —T
(backward recursive) | 8k = Zk — ArZir1Ak

Data
2.1 Model dk = kak + 9% k= 1, W, n
2.2 Error Distribution g ~NOI), k=1,..,n

2.3 Initial update mean _
P Wy = Mg+ 2,6, (G Z1G," + T) 1(d1 - G1H1)

2.4 | Initial update variance _
P Lip= % — 216" (G121G;" + ) 16Xy

Forward iteration

3.1 Mean .
prediction Milk-1 = AxMg—1jk-1 T AHyg,
(recursive)

3.2 | Variance r
prediction Zijk—1 = Ak Zx—1jk-1 Ak + D
(recursive)

1
3.3 | Mean update Mk = Wepe—1 + Zkjie—1GE (GrZpe—1GE + Tie)  (di — Grlype—1)

34 Variance

-1
update Zige = Zijk-1 — Zipe-1 Gk (GiZhjk-1Gk + i) GiZgj—1

3.5 | Inverse
- f — _ —T -1

transition for Apie = Zgpke Ak Ziciagk

data up to k

14




>0 gf;f;ttg)t?frl, E(mk|k|mk+1lk) = My + m(mkﬂm - Hk+1|k)
3.7 | Conditional — — T
co-variance Cov(my [Myey1p) = Epepe — Ak i1 Axir
Smoothing
4.1 Expectt_ad value
g:gEJ\,S;Yg) Wkin = Mgk + m(uk+1|n - Mk+1|k)
4.2 Covaria_lnce
g:c(::lgvrvsall\r/g) i = Lk — m(zlﬁllk - zk+1|n)mT
4.4 | Updated model My = Hln)mk—lm N m k=2 . m
4 '[L:apr?;iieodn KInT = Zi 1 nAk-1lk-1 Zkjn = 2;31|nzk_1|k_1TkT Z5ik—1Zkin
Distribution
;E:?:;?gnt Amyy, ~ N(Apyjn, Agjn), k =2,.,n
(forward)
4.4 | Expectation
;F::?Ztmegnt m = Hkjn — mHk—un
(forward)
4.5 | Covariance
iUrlmpcc:::r?Snt Bin = Ziin — AeinZe-1inArn
(forward)

4 Special cases

4.1 Types of variables

The unknown parameters are a set of seismic parameters defined at each time
step {m;};-,., and we use a Markov chain prior model for our parameters.

In forward-backward type of algorithms we classify the variables as static or dynamic.
There are often both static and dynamic variables in a chain. Typically a set of
parameters will have the form

mj; = [m{, mg, |,

15




where mg (without index k) is the static variable, and mg ;, is the dynamic variable at
time k. The propagation matrix (dropping for convenience the forward arrows here) will
then have the form

I 0
A= |
k As—d,k Ad—d,k
and the incremental mean and variance be on the form

A =[O A [0 O

Hhe = [Amd,k]' e [0 Ad,k]'

During time propagation m;, = A,m,_; + Am;, the static variable remains the same,
due to multiplication with unity and absence of incremental variance. The static variable
may influence the dynamic variable through the propagation matrix.

4.2 Correlated errors
An assumption that might be invalid is that the errors at each time step are
independent. A simple way of introducing correlations in the errors is to assume that
there is one common underlying error, and apart from this the errors are independent.

dy = Gymy + € + €.
This model is solved by including an error term as a static state variable:

m;," = [¢7, m}).
In this case the forward model also must be extended,
Gy, = [I, G

4.3 Multiple data sources

There are two different approaches that can be carried through in the inversion. Either
we do one pass of the chain for each data type, or we do one pass of the chain where
all data types are used in the update step. Which method to prefer, will depend on
effects that are external to the mathematical calculations. It also depends on the time of
data collection.

5 The 4D workflow

In this section we outline the full workflow, and include some comments related to the
choices made.

5.1 Basic choices

When focusing of seismic and gravimetric data inversion, the variables in question are
seismic parameters, represented by ;,, V;, p. These are in turn related to rock physics

16



parameters like saturation S, porosity ¢, dry matrix bulk modulus K, shear
modules G4, pressure P and temperature T, through rock physics relations.

In the 4D workflow we chose to use explicit modeling of static and dynamic
components of the seismic parameters, and it gives the opportunity to study how the
static parameters affect the dynamic parameters as time passes;

mg ] _ [ mg ] + [ 0 ]
mgy Ag_grms+ Ag_qxMgr-1 Amg g |

We choose to use a filtering algorithm, i.e. calculate my ;. All necessary information will
however be stored, such that my,, can be calculated in a post-process, if we find that
this is desired later. We use one pass of the chain, and condition to all data types in
the update step. This gives the simplest framework, since the update step between
time instances k and k + 1 is done only once. The propagation matrix A, then needs to
be set only once.

5.2 The 4D workflow for data and rock physics inversion

The full workflow for the inversion is as follows, but notice that some of the points
below will be further developed in separate notes:

1)

2)

3)

4)

5)

List relevant rock physical parameters (r) with associated uncertainty, and
correlations between parameters and in time (rx, k = 1, ...,n). (Note 1)

Establish rock physical relations for computing the seismic parameters (m) from
rock physical parameters (r). (Note 1)

Establish the joint distribution of elastic parameters (m, k =1, ...,n) by
sampling the rock physical distribution from 1), where m,, consist of one static
component and one dynamic component, mj, = [mf,mj},]. (Note 1)
Approximate the joint distribution of elastic parameters (my, k =1,...,n) by a
linear-Gaussian Markov process, assuming spatial stationarity, i.e.

p*t(mg, my;,). Use the relation A, = Cov(my, m,_,)X;}; to compute the
propagation matrix. (Note 1)

For k = 1 to number of time steps

a. ldentify the distribution of static and dynamic seismic parameters
conditioned to the data up to, but not including, the current time.

b. Compute the distribution of the current seismic parameter as the sum of
static and dynamic variables, conditioned to the data up to the current
time. mgpr_q = Mgp_q + Mg ppe_1

c. Save the joint distribution of mg;_; and mg x_1

d. Forj =1 to the number of data types at time k

17



6)

7)

8)

i. Compute the conditional distribution of current seismic
parameter given dataset j, using the appropriate inversion
methodology. (Note 2, Note 3)

e. Save the distribution of the current seismic parameter, given all data
including the current time step, mc -

f. Compute the joint conditional distribution of static and dynamic variables
given all data including current time, i.e. mg, and mg ., by using the
joint distribution saved in c, and the posterior distribution of the current
seismic parameter m . (Note 4).

For the last time step, extract the joint posterior distribution of the seismic
parameters, mg,, and mgy |, and the corresponding prior distribution (with no
data conditioning).

For each vertical profile at the last time step, extract prior and posterior
distributions, then re-compute the posterior distribution in each trace with a
new, non-stationary Gaussian prior p(ms, mdrn) that is conditioned to shale
layers (Note 5). That is, find

pSt(msln’ md,nln)

pSt(ms' md|n)

p(msln; md,nln) = p(msr md,n)-

For the last time step, for each position in the studied volume extract prior and
posterior distribution of seismic parameters as computed in step 7), and use
these to compute the distributions of rock physics properties in the given
location. (Note 6)

The notes 1 through 6 are not yet all complete, but Table 1 contains a list of the
working titles of the notes, and when they are planned to be completed.

Table 1: Planned internal project notes for the MonCO2 project.
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Note | Title Complete

1 4D-Prior model from rock physics 2011

2 4D-Traveltime-inversion 2012

3 4D-Gravimerty 2012

4 Using 3D inversion schemes to solve 4D inverse 2012
problems

5 Adjusting the posterior model for shale layers 2012

6 Interpretation of saturation and porosity from inverted | 2011
4D seismic parameters
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7 Appendix: Modeling assumptions

The following definitions and assumptions are the basics from which everything else
can be derived:

1) Markov property in time:

p(my|my_q, my_y, ..., mg) = p(my|my_y).
2) Linear model in time:

mk:A_k)mk_1+A—mk), k=2 ..,n
3) Locality in time for data:
p(dy|mg, my, ..., my,) = p(d|my).
4) Linear or approximate linear model for data conditioning:
d, = Gmy + g.

5) Spatial stationarity or approximate spatial stationarity of forward map in the
problem.

8 Appendix: Technical issues

The discussion in the previous section is not fully accurate. When we set up the

propagation matrix ATQ in the forward process we interpret the matrix equations in terms
of point-wise relations, that is matrixes of dimension 6x6. When we discuss the
inversion part we consider the spatial component as well, thus the dimension of the
problem is 6Nx6N, where N is the size of the grid cells. In this section we show that
this deliberate slip is indeed justified.

8.1 Point-wise to spatial relations

Focusing on point-wise seismic parameters and point-wise time development, we see
that the vectors {m, };_, are 6-dimensional, and the matrices {A_,g}::Z are of dimension
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6x6. When solving real case problems the reservoir in question has N grid cells, and
we need to consider seismic parameter vectors of length 6 N. The seismic parameters
at different grid cells are in general correlated. The number of grid cells is typically

~ 108. In the following we explain how the change in view from small point-wise to
large correlated seismic parameter vectors affects the time evolution of the loop in
section 5.2.

Notation:

e my(x;) is the 6-dimensional vector for the seismic parameters at spatial position
x; and (data sampling) time t;

e my = [m(x)7, my(x,)7,...,my(xy)7]" is the 6N-dimensional, spatially
coupled seismic vector of the reservoir;

e Seismic parameters are normally distributed, m;, ~ N(p,Z;). Now X, is a 6N x
6N matrix that contains the spatial correlations of the seismic parameters.

Time evolution of the seismic vectors will now be according to the expression
m;, = c/lkmk_l + Amk,

where A, is a 6N x 6N dimensional block-diagonal matrix given by

[Ax 0 o0 o]
- lo a, 0 0 |
A, =| :

00 A, 0

00 0 A,

and
Am, ~ N(A—p.k),A_k)), k=2,..,n

It is important to realize that at all discrete positions x; the same 6 x 6 matrix A_k) is used

for time development in all locations. The matrix Ay, is identical to the 6x6 matrix
discussed above.

With time evolution given by m,, = ﬁ,:mk_l + Am,; and standard linear-Gaussian
assumptions the time evolution follows expressions analogous to the expressions listed
in Chapter 3. In particular,

Mijk—1 = ArMp_1jk—1 + ARy,
. T
Lpe—1 = Ag Eg—qjk-1 A+ Ay,

where the vectors are 6 N and the matrices are 6N X 6N.
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The covariance matrix X;_,,_, describes all spatial correlations between seismic

parameters, and hence is in general a dense matrix. From a practical point of view,
handling these large matrices and computing the necessary matrix products is difficult,
given limited computer resources. In the next section we describe how this is solved by
means of assuming translational invariant correlations and use of the Fourier
transform.

8.2 Using Fourier transforms

The simplifying assumption that enables efficient computation is that the spatial
correlations are on the form

cov(mk_1|k_1(xi).mk—1|k—1(xj)) = f(xi — x5).

This stationarity assumption implies that the Fourier transformed covariance is block
diagonal, i.e.

~ ~ cov(My_qpk-1(@;), My_g -1 (@) ifj =10,
cov(My_qp_1(@;), My_11_1(@;)) =
V( k—1]k 1( z) k-1|k 1( ])) {0 it % i,
where the tilde indicates the Fourier transformed function m = F(m). The Fourier
transformed covariance matrix T gets the form (skipping for the moment the subscript
k—1|k —1):

[~1,1 0 0 0o |
I o %, 0 0 I
Z=| : K : |
| o o Ly_1n-1 0 |
| o o 0 Tyl

where
£, = cov(fi(w;), M(w;))
is the 6x 6 matrix for the Fourier component w;

With the block diagonal form of £ we are ready to return to the time development
- —T
formula Zpk_1 = A Zx_qjk-1 Ax + Ag. Inits Fourier transformed form it reads

—_ N, —T ~
Lpe—1 = Ag Eg—qjg-1 A + Ay

Using block indices for the matrices we now have
N
_ s N
Lijk-1p.q = Z Arpa Zi-11k-1i) Ak;qg T Biapg
=1

i=1j=1
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N N

—_— ~ —T ~
= z Z AxSp,i Bx—1k-1;ij 0ijAk Gjq T Bkpg
i=1 =1

—_— —T ~
= 8p,qArZk-1jk-1ppAk T Bipg-

That is, the matrix zk|k—1 is block diagonal (given that A,, is also block diagonal), and
the computation of the time development is done for each frequency component
independently by a simple multiplication of three 6 x 6 matrices.

The paper Buland et al. (2003) has a thorough discussion of how the prior seismic
covariance matrix £ can be expressed in terms of the zero-lag correlations between the
three seismic parameters and a spatial correlation function so that the assumption of
translational invariance is fulfilled. The paper also shows how the splitting in the Fourier
domain is used in the data conditioning.
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