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SUMMARY

Exceedances over high thresholds are often modeled by fitting a Generalized Pareto distri-

bution (GPD) on
���

. It is difficult to select the threshold, above which the GPD assumption is

enough solid and enough data is available for inference. We suggest a new dynamically weighted

mixture model, where one term of the mixture is the GPD, and the other is a light-tailed density

distribution. The weight function varies on
� �

in such a way that for large values the GPD com-

ponent is predominant and thus takes the role of threshold selection. The full data set is used for

inference on the parameters present in the two component distributions and in the weight function.

Maximum likelihood provides estimates with approximate standard deviations. Our approach has

been successfully applied to simulated data and to the (previously studied) Danish fire loss data

set. We compare the new dynamic mixture method to Dupuis’ robust thresholding approach in

Peaks-Over-Threshold inference. We discuss robustness with respect to the choice of the light-

tailed component and the form of the weight function. We present encouraging simulation results

that indicate that the new approach can be useful in unsupervised tail estimation, especially in

heavy tailed situations and small percentiles.
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1 INTRODUCTION

Estimating the tail of a distribution can be important in the understanding of observable natural or

man-made systems whose extreme behavior is of interest. Especially when heavy tails are suspected,

accurate information about these become crucial for estimation of quantiles which are important in,

say, prediction of floods or estimation of financial reserves in insurance. Because extreme data are

rare, it is difficult to fit tail models and to support parametric model choices convincingly. An approach

that is often taken is based on fitting excesses over a high threshold. Pickands (1975) and Balkema &

de Haan (1974) proved that, under certain conditions, the Generalized Pareto Distribution (GPD) is the

limit distribution of scaled excesses over high threshold values. More precisely, following Embrechts,

Klüppelberg & Mikosch (1997, section 3.4), let ������� denote the distribution function of a real random

variable � and let

�	�
������
���������������� ���������
Let ��� denote the right endpoint of the range of � . Then � belongs to the maximum domain

of attraction of the generalized extreme value distribution if and only if there exists a positive real

function ������� such that

 "!"#
�%$'&)( � � � ���*�*�����+�-,�.0/�1324�����)�5
7698

where .0/�1 : is the GPD with parameters ; and < . This distribution has the form

.0/�1 :�������
>=?,��+=@� ;5�< ��A?B
C

if ;ED
F6 , or if ;G�H6 and �I�H6 , or if ;GJH6 and 6KJ��LJ>,M<-N4; , while .O/�1 :������P
Q=R,LSUT9VW����N5<W� if

;X
76 , and <E�Y6 . In this paper we consider the case ;�ZY6 . A heavy tail is present if ;��Y6 . For some

large threshold � , � � ����� can be approximated by a GPD .[/�1 : with appropriate parameters ; and < .

Common practice is to fix a threshold � and to fit a GPD to the data exceeding � . In order to reduce

model bias, the threshold � should be chosen to be large, but this (often) leaves (very) few data points

for the estimation of the parameters ; and < , which will have large variances. The selection of an

appropriate threshold, above which the GPD assumption is appropriate, is a difficult task in practice,

see for instance McNeil (1996), Davison & Smith (1990), Rootzen & Tajvidi (1997), Embrechts et al.

(1997, section 6.5). There are a number of methods, beside maximum likelihood, used to estimate

; and < once � is fixed, see for instance Resnick (1997), Crovella & Taqqu (1999) and references

therein. As is well known, the estimates depend significantly on the choice of the threshold, see for

instance Embrechts et al. (1997, Figure 6.2.8.). Citing from Rootzen & Tajvidi (1997, p.79): ”An im-

portant practical problem is the choice of the level � for the excesses. ... (We) feel that ... (the) choice

of level has to be made from subject matter knowledge.” Research is underway to provide practition-

ers, who sometimes need to perform many data analysis regularly, with more automatic and robust

approaches that do not require an a priori tuning of a threshold. Such an unsupervised approach to tail
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estimation is particular relevant in automatic real-time monitoring of financial, industrial and environ-

mental quantities, for instance for warning purposes. Often a supervised analysis will be performed,

selectively and off-line as part of a monitoring scheme. In the recent paper Dupuis (1999), a robust

model validation mechanism is suggested to guide the threshold selection. The procedure assigns

weights between zero and one to each data point, where a high weight means that the point should be

retained since a GPD model is fitting it well. The author suggests to start with a low threshold � and

increase it, thus reducing the number of data points, until all data left have weights close to = . This is

an interesting idea. Thresholding is still needed at the level of the weights, though this choice is more

robust and is more easy to automatise. In this paper an alternative fully unsupervised approach to tail

estimation is suggested. There are three key ingredients in our approach: we model all data, not only

those belonging to the tail; we use a mixture model, one component of which is a GPD and the other

component a density with lighter tail; and, the weight in the mixture is dynamic and determines when

the GPD component in the mixture is prevalent.

Let � 2 8+���)8%� �"� 8 ��� be non-negative i.i.d. random variables with common probability density function� ����� given by

� ������

� =?,�� ���	��
 �
��� ������������� ���	��
 ��������� ;98'<W�� ��
 8�� 8 ;98'<W� 8 (1)

where

������� ;98'<W��
 =
< � =@�

;5�
< �'A?B

C A 2 (2)

is the GPD density, � ���	��
 � is the mixing function taking values in � 6984=�� , increasing in � and such that,

for all 
 ,

 "!"#
&��0&4( � ������
 ��
F=58 (3)

� ���W8���� is some other density, and
� ��
 8��@8+;98+<-� is the normalizing constant. The notation indicates

that the mixing function � and the � component are parameterized with parameters, or vectors of

parameters, 
 and � respectively. Model (1) is a mixture of � and � , where the mixing probability

� ���	��
 � depends on � . Because of the property (3), the right tail of
� ����� is governed for large � by the

GPD component, while the left tail is controlled by � ���	����� .
In the next section we make our choice for � and for � , we discuss the intuition behind our model

and compare it to standard mixture models with constant mixing parameter � . In section 3 we present

an algorithm for sampling from
�
. This allows us to perform a simulation study described in section

4. We discuss likelihood based inference for model (1) and describe the numerical procedure we

use. In section 4 we present a simulation study to investigate the features of the model and the

suggested inferential procedure. We compare our approach to Peaks-Over-Threshold (POT) inference

guided by Dupuis’ threshold selection (DTS). In section 5 we discuss robustness with respect to the

choice of � . We analyse model mismatch situations, when data do not originate from the same model
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used for inference, and compare our methods to the POT using DTS. Our study concentrates on the

estimation of � -quantiles, sometimes called in the financial context the Value-at-Risk (VaR � ), defined

as P ��� Z VaR � ��
�� . Quantiles are often more relevant in applications than the parameter estimates

themselves. In section 5 we analyse the Danish fire loss data, which have been previously used in

McNeil (1996) and Embrechts et al. (1997). Our method seems to have smaller root mean squared

errors for small percentiles ( =%N =U6 6 6 and =)N9=%6 6 6 6 ) and heavy tails ( ; 
�69����� 8'69��� ). We end this paper

with some final remarks.

2 THE DYNAMIC MIXTURE MODEL

One possible choice for the mixing function in (1) is

� ���	��
 ��
 =� � =�	��

������� � � ,��� � 8 
X
F����8 � � 8 ��8 � � 6 (4)

with a location parameter � and steepness parameter � A 2 . We take as the left component in the mixture

a Weibull distribution with density

� ������� 8��
��
 ��� � � � A 2�� A ��� & �"! (5)

for � 8#� �Y6 . As expected, the normalizing constant

� ��
 8�� 8 ;98'<W��
F=@� =� $ �% & =< �+=�� ; �
< ��A?B

C A 2 , ��� � � � A 2 S T9VO, �'� ��� �)( ��
����#��� � � ,*�� ��+ �
has to be computed numerically. We suggest to use the Weibull as the left component since it is

flexible and its right tail is not heavy. Other choices are possible and could be needed in particular

settings. Notice that the mixture
� ����� is a density with tail parameter ; . In fact, the tail is just as heavy

as the heaviest right tail component, if (3) holds. The mixing function (4) also leads to a continuous

density
� ����� . An alternative choice for � is the Heaviside function

� ���W8�
 ��
-, = if � Z 

6 if � J 
 � (6)

In this case, the parameter 
 takes the role of the threshold � after which only the GPD component

remains in (1). Using (6) will in general make
� ����� discontinuous in � 
 
 , which is often an

unsuitable feature.

In order to better understand how the two components interact, it is useful to give another representa-

tion of the model (1) as the pure mixture model

� ������
F� =?, � ��� 2 ������� � � �5����� 8 (7)

where the mixing parameter � can be computed as the probability� 
 � ��;98'<�8�
 8��	8���� 
 . �% �����W8+; 8'<-� � ���	��
 �/+ �. �% � ���-8�� 8��
�U� = ,�� ���	��
 � �/+ ��� . �% �����W8+; 8'<-� � ���	��
 �/+ �
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and the two components are

� 2 ������
 � 2 ������� 8���8�
 � 
 � ���W8��@8��*� �+= ,�� ������
 �+�. �% � ���-8�� 8��
�U� = ,�� ���	��
 � �/+ � 8
� � ������
 � �5����� ;98'<�8�
 � 
 �����W8+; 8'<-� � ���	��
 �. �% �����-8 ;98'<W� � ���	��
 � + � �

This way of reparametrizing model (1) leads to inference based on the hidden allocation variables��� 
 = with probability =P, � when � � is sampled from � 2 and
��� 
 6 when � � is sampled from � � .

The completed data set ��� 2 8+� � 8U� �"� 8+� � 8 � 2 8 � �)8%� �"� 8 � �9� is the basis for maximum likelihood (ML) es-

timation, using the EM algorithm (Meng & van Dyk, 1997) or MCMC (Gilks, Richardson & Spiegel-

halter, 1996; Robert & Casella, 1999), of the parameters � and those of the two components. Condi-

tional on � � 2 8 � � 8U� �"� 8 � � � the data can be assigned to one of the two components and used to estimate

the parameters in each of these. However, this approach does not help, because the mixing probability� and the components � 2 and � � share 
 8�� 8���8+;98+< . Hence the data cannot be split according to what

information they carry regarding the different parameters, as usually happens in mixture inference.

This is also true when using the the Heaviside function (6). Conditionally on the cut-point 
 each data

point � � is assigned to one of the two components, depending on being larger or smaller than 
 . But


 is also estimated, and again each data point contributes to the estimation of all parameters.

3 SIMULATION AND ESTIMATION

In order to perform simulation experiments we need to be able to sample from the dynamic mixture

model (1) given all parameters. As we can reformulate the model as the pure mixture model (7), we

could use the standard simulation algorithm

1. Draw � uniformly on
� 6 84=%� .

2. If � J � sample � from � � ����� and return � . Else, sample � from � 2 ����� and return � .

This algorithm is not particularly convenient in our case, as we need to compute � , � 2 ����� , � �5����� , and

find algorithms to sample from � 2 ����� and � �5����� . To avoid these problems and only use samples from

the two original components � and � , we suggest the following alternative sampling scheme:

1. Draw � uniformly on
� 6 84=%� .

2. If � J =)N � , then sample � from � ����� ; return � with probability =0, � ����� and stop; or, with

probability � ����� , return to 1.

3. If � Z>=%N�� , then sample � from ������� ; return � with probability � ����� and stop; or, with proba-

bility =?,�� ����� , return to 1.
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The correctness of this algorithm is seen from the following argument. We define the indicator variable
� 
F= if � is accepted,

� 
76 otherwise. Let � indicate the probability measure of the output variable

� of the above algorithm. Then

����������� � 
F=)� 
 ���������-8 � 
F=)�
��� � 
F=)�


 =� ����� � �-8 � 
>=X� � JH=)N � ��� ���������W8 � 
F= � � ZH=%N�� �
��� � 
F=)� 8

and the corresponding conditional density is, as required,

� =?,�� �����+� � ������� � �������������. �% � �+= ,�� ��� � � � ��� �*� � ��� �
����� �
� +�� 8
dropping for simplicity the parameters in the notation. The algorithm returns a value in geometric

time if the mixing function � ��� ��
 � is strictly positive with probability one.

To maximise the log-likelihood function, we face two problems: first, the normalization constant has

to be computed numerically, and then we need to maximise numerically the log-likelihood function.

Unless we compute the normalization constant with high precision, we can introduce false local max-

ima which would confuse the optimising algorithm. We therefore rewrote the integral from 6 to � as

a sum of integrals from 6 to = , = to � and so on, and computed each integral with high precision using

numerical quadrature (routine d01ahf in the NAG-library). (For details about the NAG-algorithms,

we refer to the online description of each algorithm at http://www.nag.com.) The sum was trun-

cated when the last contribution did not give any changes in the integral. In order to maximise the

log-likelihood function, we experienced with two different methods; a quasi-Newton method (rou-

tine e04jyf in the NAG-library) where finite differences approximates derivatives, and a Simplex-

method (routine e04ccf in the NAG-library) which did not required any derivative information about

the log-likelihood. The quasi-Newton method was able to handle constrained parameters, like � � 6 ,
while to use the Simplex-method we had to reparameterise � 
 S T9VW� ��� � .
In our experience, both optimization methods are robust with respect to the choice of initial values and

converge for all reasonable initial values we tried. Our scheme is to get initial values for the parameters

in � and � by roughly splitting the data into two disjoint sets. The parameters in the weight function

are computed accordingly. Both optimisation methods are fast and give the same final result, although

the quasi-Newton methods is somewhat faster than the Simplex-method.

Estimates of the variance of the ML-estimators are often obtained by inverting of the empirical Fisher

information matrix (i.e. the negative Hessian of the log-likelihood function) evaluated at the maxi-

mum. This approach is feasible when the number of observed data points is large. In our simulation

study, we will however report variances across simulated datasets.

If data are assumed to originate from the dynamical mixture model (1), it is possible to estimate a

threshold ��
	 , beyond which data follow a pure GPD with � -probability =0,�� . � is the probability
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measure of the output variable of the sampling algorithm described above. Define the threshold � 	 as

the smallest value � , so that

P � � 
F= � � 
 � � 8 � 
F=)� � �%8 � � � Z��W8 (8)

where the left hand side is the probability that an accepted value � � was indeed sampled from the

light-tailed component. The binary variable
�

equals 1 if the variable actually was sampled from � .

The left hand side of (8) can be rewritten as

�
	 
 ! � ��� ��� � =?,�� ��� � 8�
 �+� � ��� � �
�+= ,�� ��� � 8�
 � � � ��� � �	��� ��� � 8�
 ������� � � J �%8 � � � � ���K� (9)

We use � 
 6 � 6 6 = and plug in the estimated parameters into (9) to obtain a threshold value �� 	 . It

is now possible to perform standard POT inference on the parameters of a pure GPD and compute

estimated quantiles. Of course, when the data are not a genuine sample from a dynamical mixture

model, � 	 loses its precise interpretation but can still be used as a rough guide for threshold selection.

4 A SIMULATION STUDY

The probability density
� ����� given by (1), (2), (4) and (5) has six parameters: � and � in the Weibull

density component, � and � in the weight function � , and ; and < in the GPD component. Our first

aim is to investigate if inference on these parameters and on quantiles is at all feasible and if so, how

the present approach compares with alternative ones. Many data sets have been generated with the

algorithm described in Section 3. The parameters have been chosen so that the corresponding density

function
� ����� is smooth, the data originating from the two components are properly confounding in

the overlapping support and a pronounced bi-modal shape is avoided. This puts our simulation study

in a realistic and challenging setting. Strong discontinuities or bi-modalities indicate separation of

the data and would thus make parameter estimation easier. In addition, only modest (positive) values

of ; have been used, so that ������� and
� ����� are heavy tailed, but data from the two components are

sufficiently mixed. In this section we report only on the experiments with two combinations of the six

parameters, which were found to be typical. For � J = , the Weibull density � has no proper mode

and is decreasing for all positive � , while � is unimodal for � ��= . Here we take � 
 � . The �
parameter is chosen so that the expectation of the Weibull density is 1, that is �L

	 � =R� =)N���� . In

the weight-function, we use ��
 = and � 
 = . Two different values are considered for ; , namely

=)N � and =)N�� , and we take <�
 = . The two parameter combinations are summarized in Table 1. The

corresponding density for ; 
 =%N�� is plotted in Figure 1, on normal and log-scale. The density for

;X
F=)N�� is similar.

We generated 100 independent data sets for the two parameter combinations, each with 
 
 =U6 6 6
points. The same is then repeated with 
 
 � 6 6 , to investigate the effect of sample size. For each

experiment, the six parameters are estimated using our approach and by POT maximum likelihood
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FIGURE 1: The density in experiment 1 ( ; 
 =)N � ) in normal (a) and log-scale (b). The thick line is

the mixture, the dotted line is the GPD and the dashed line is the Weibull density.

Weibull component Weight function GPD component

� � � � ; <
Experiment 1 2.0 	 �+= � � � 1.0 1.0 0.5 1.0

Experiment 2 2.0 	 �+= � � � 1.0 1.0 0.25 1.0

TABLE 1: The two parameter combinations used in the simulation experiment.

inference using DTS. Because the data are sampled from the same model our approach uses for infer-

ence, it is not surprisingly that our estimates of the tail are clearly better.

DTS is not automatic, but requires specialist intervention to judge the results. In order to apply this

method in a large simulation study, we had to make it automatic. The method assigns weights between

zero and one to each data point, where a high weight means that the point should be retained since

a GPD model is fitting it well. Dupuis suggests to start with a low threshold � and increase it until

all data left have weights close to = , or until the hypothesis that all could have been equal to 1 (at��� significance level, say) is accepted. We have simply automated this advice, and start with a low

threshold and increase it until either of the two conditions apply. For the first of these conditions, at

the level of the weights, we used the same thresholding as in Dupuis (1999).

Tables 2 and 3 report estimated parameters, using our approach, when 
 
�=%6 6 6 , and ;E
 69� � or

;X
769����� , respectively. The first column lists the true parameter values and the other columns describe

the distributions of the estimators on the basis of the 100 repetitions: smallest estimated value in the

second column, then the first quantile, the median of the estimates, their mean, the third quantile and

the largest estimate. The last column lists the estimated standard deviations. For all parameters, the

estimates are rather spread. Especially � and � are difficult to estimate and the estimators are clearly

dependent. The heavy tail is clearly recognized. Table 3 shows a slightly better picture, and the case

; 
Q6 (not shown) was in fact rather good, indicating growing difficulties for heavier tails. We see

next that errors in the parameter estimates compensate, so that quantile estimation is satisfactory.
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True value Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev

< =5� 6 69� 6)�9= 69�����)� =5� 6�� 6 = � 6 � � =5� =���� � ��� 6	� 69�
�)� �
; 69� � 69� =%6�� 69���	��� 69� ��� 6 6 � � ��� 69� ���	� 6 ����� = 69� 6	���� =5� 6 69� 6 =
� 69�����	� 69�����	� = � = ��� =5�
� 6 6 � �����	� 69�������� =5� 6 69� 6	� = 69�����	� 69��� � 6 = � ����� =5�
� 6	� �9=5� 6�� 6 � �������
� � � 6 69� � � 6 � � 6 =�� � � � � � � � � ��� � � ��� 6 � ������� =5� 6)���� 6 ���	��� 69� 6	��� 69��� =�� 69����� = 6 ��� ��� 69�
� =�� = � 6 6)� 69� =�� 6

TABLE 2: Summary of the results from 100 simulation from experiment 1.

True value Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev

< =5� 6 69������� 69����� � =5� 6 � � = � 6)� � =5� =���� = �����)� 69�������
; 6 � ��� 69� 6 6�� 69� =
�	� 69� =
�	� 6 � =���� 69����� � 6 �����	� 69� 6�� �� =5� 6 69� 6)�9= 69��� ��� =5� = � � = ���	�	� =5�
�	�)� � � =�� = 69�
�	���� =5� 6 69� 6)��� 69��� ��� =5� 6���� = ���	��� =5�
�	� � ���9�
�	� 6 �9�
�)� �
� � � 6 69���	��� =5����� � � � =�� 6 � ���)��� � �
�	��� � �����	� 69�����	�� 6 ���	��� 69� =%6 = 69��� ��� 69�����	� 6 ���	��� 69�
�)� � = � 6��)� 69� = � �

TABLE 3: Summary of the results from 100 simulation from experiment 2.

Tables 4 and 5 are concerned with quantile estimation for the two parameter combinations. We es-

timate the =%N =U6 6 , =%N =%6 6 6 and =)N9=%6 6 6 6 quantiles, which can be computed to be equal to the values

reported in the captions by numerical integration (using the true parameter values and NAG-routine

c05adf to solve the equation). For each of the 100 data sets, we used the estimated parameters ob-

tained with the dynamical mixture approach, to compute the quantiles, again by numerical integration

and using NAG-routine c05adf. We compare our approach (which we abbreviate ”MIX”) with two

others. In both we use DTS but then estimate the parameters of the GPD beyond the threshold by

ML (”POT-ML”). The estimated parameters are used to compute quantiles of the GPD. The num-

bers reported in Tables 4 and 5 are standardized quantiles, defined as the estimated quantile divided

by the true quantile, for all approaches. The target value is hence one. The last column reports the

square-root of the squared bias plus the variance (RMSE). We see that our approach is more efficient

in particular for larger percentiles: POT-ML is slightly better for the =%N =U6 6 percentile, as good as MIX

for =%N =U6 6 6 while MIX is best for =)N9=%6 6 6 6 . As mentioned before the chosen parameter combinations

lead to difficult data sets. In view of this fact, estimation of quantiles via the dynamic mixture model is

rather good. Both methods tend to underestimate the quantiles, though overestimation also happens.

Their behavior is more similar for lower values of ; . In fact for ; 
76 the methods essentially coincide

and are all performing very well.

Next we repeat the same experiments with smaller data sets, each consisting of 
 
 �56 6 points.
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Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 ������� 69���	��� 69�
� � � 69������� 6 ��� 6�� =5� = = � 69� =%6 � 69� =
� =
� POT-ML2 % % 6 ���9= = 69�
�	� = 69�
����� 69�����	� = � 6	� 6 =5� � � 6 69� =�� = 69� =
�)�
� MIX2 %
%
% 6 � � ��� 69�
� =�� 69����� � 69�����	� 6 ��� ��� =5�
� 6	� 69��� 6 6 69��� =%6
� POT-ML2 % %
% 6 �����	� 69��� 6�� 69�
����� 69��� � � = � = �56 =5�
�)��� 69�
�	��� 69��� ���
� MIX2 % %
%
% 6 � ����� 69� � ��� 69�
� 6 � 69������� 6 ��� 6 6 =5����� � 69�
� = � 69� �����
� POT-ML2 % %
% % 6 � = ��� 69��� =U6 69������� =5� 6��	� = ��� 6�� �9�
� 6	� 69������� 69�����)�

TABLE 4: Summary of 100 normalized =%N =%6 6 , =%N =%6 6 6 and =)N9=%6 6 6 6 -percentiles from experiment 1

with 
 
F=%6 6 6 . The true percentiles are = � � ��� , � 6 � =�� and =
�)� � =�� .

Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 ���9=�� 69�
�	� 6 69�
�	��� 69���	��� 6 ���)�56 =5� =%6	� 69� 6���� 69� = �
=
� POT-ML2 % % 6 �����)� 69�
� =�� 69�
�	��� 69�����	� = � 6)��� =5������� 69� =%6�� 69� =U6)�
� MIX2 %
%
% 6 � � ��� 69�����9= 69���	��� 69�����	� 6 ���)��� =5� = ��� 69� = =�� 69� ���)�
� POT-ML2 % %
% 6 � ����� 69�
�)��� 69�
�	��� 69�����	� = � 6�� � =5�
� = = 69�����56 69� � ���
� MIX2 % %
%
% 6 � � 6 � 69������� 69�
��� � 69��� � � 6 ��� 6�� =5� � ��� 69� =��	� 69�����	�
� POT-ML2 % %
% % 6 �����	� 69�
�	��� 69�
� =�� =5� 6��	� = ��� 6�� � �
�	� 6 69������� 69� ���	�

TABLE 5: Summary of 100 normalized =%N =%6 6 , =%N =%6 6 6 and =)N9=%6 6 6 6 -percentiles from experiment 2

with 
 
F=%6 6 6 . The true percentiles are �9��� � , =�� ����� and �)� ����� .
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Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 %
% 6 � � 6 � 69�
�	� = 69����� � 6 ���)��� 69�
� � � =5�����	� 6 � �56	� 69���	� �
� POT-ML2 % % 6 � � � � 69������� 69�����	� 6 ���	� 6 =5� = ��� � � 6	�	� 6 ��� = � 69�
� =
�
� MIX2 % %
% 6 � �56)� 69� � ��� 69�����	� 6 �����	� 69�
�	� � � �
����� 6 ����� 6 69� �����
� POT-ML2 % %
% 6 � �9= � 69������� 69�����	� = � ��� = =5�
�	�	� �9�
�	�)� 6 ��� ��� 69�
�����
� MIX2 % %
%
% 6 � 6��)� 69�
� 6 = 69� � ��� 6 ��� = � 69�
�	�)� �9�
�)��� 6 ����� 6 69�
�	���
� POT-ML2 % %
% % 6 � =U6	� 69�
�	��� =5� 6 =�� = ���	��� � �
� = � = =5� �
= � � � = ��� � �
� ���

TABLE 6: Summary of 100 normalized =%N =%6 6 , =%N =%6 6 6 and =)N9=%6 6 6 6 -percentiles from experiment 1

with 
 
�� 6 6 . The true percentiles are = � ���	� , � 6 � =�� and =���� � =�� .

Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 � ����� 69����� = 69�
�	��� 69�����	� 6 ���	��� =5�
�	� 6 69� = ��� 69� =
�	�
� POT-ML2 % % 6 ����� = 69�
�	��� 69�
�	��� 69�����	� = � 6	�	� =5�����)� 69��� = � 69� �9= �
� MIX2 %
%
% 6 � � ��� 69�
�	��� 69����� = 69�����	� 6 ��� ��� � � �
=�� 69����� = 69����� �
� POT-ML2 % %
% 6 � ���	� 69�
�)� � =5� 6���� =5� ���	� = � � ��� �9�����	� 69�
�	��� 69���9= �
� MIX2 % %
%
% 6 ��� =�� 69������� 69��� 6 = 69����� = 6 ���	��� � ��� ��� 69������� 69� ���)�
� POT-ML2 % %
% % 6 ��� 6 � 69�
� 6�� =5��� = � � � 6��	� � � �
= � �9� 6���� � � 6 � 6 � � ���	�

TABLE 7: Summary of 100 normalized =%N =%6 6 , =%N =%6 6 6 and =)N9=%6 6 6 6 -percentiles from experiment 2

with 
 
�� 6 6 . The true percentiles are �9� ��� , =��9�
�	� and �)� �
�)� .

Table 6 and 7 show the results for the two parameter combinations. The situation is more difficult and

we see that standard deviations are larger. Our approach is now performing best for all percentiles,

although the gain in efficiency is best seen for the largest ones.

We have also tried our alternative threshold (9) with � 
 69� 6 6 = in the POT approach, estimating a

pure GPD beyond �� � . In a few cases this threshold was too large, leaving no data. This happened in

correspondence to data sets with particularly few points on the tail. Beside these cases, the threshold

�� � gave estimated quantiles which were comparable to those obtained with DTS and ML.

Our next step is to investigate the performance of the dynamic mixture approach when the data are

not generated form model (1), (2), (4) and (5), which is only used to infer on quantiles.

We present two experiments. In the first one we generate samples from a positively truncated Student-

t distribution with three degrees of freedom. Results on quantile estimation are reported in Table 8,

when the sample size 
 is 1000, and Table 9, for 
 
 �56 6 . In the second experiment we use a

standard log-normal distribution, see Tables 10 and 11. Our dynamical mixture model is assumed and

parameters estimated as described above. Estimated quantiles are then computed using the estimated

parameter values in (1). The POT model using DTS is also applied and paramters are estimated by
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Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 ���	� = 69�
� 6�� 69�
�	� 6 69�����	� 6 ���	��� =5��� ��� 69� 6	� 6 69� =
� �
� POT-ML2 % % 6 �����	� 69�
�	� = =5� 6 6�� 69�����	� = � 6��56 =5����� = 69� 6	� � 69� 6�� �
� MIX2 %
%
% 6 � ���	� 69�
� � � 69��� � 6 69��� ��� 6 ���)��� =5�����	� 69� = � 6 69� ��� �
� MIX2 % %
%
% 6 ����� � 69� ����� 69������� 69������� 6 �����	� =5��� =�� 69� =���� 69� � =��
� POT-ML2 % %
% % 6 ����� � 69���	�56 69�
�)�56 69����� � = � ��� � � �
�	�	� 69���	��� 69� �����

TABLE 8: Summary of the results from 100 simulation from the unsigned student-t distribution with

3 degrees of freedom and 
 
F=%6 6 6 .
Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 ����� � 69������� 69�
� ��� 69�����	� 6 ��� � 6 =5�
�	� = 69� =���� 69� � ���
� POT-ML2 % % 6 ��� ��� 69�
�)��� 69�
� = � 69��� � 6 = � 6 ��� =5�
�	��� 69� = � � 69� = �	�
� MIX2 %
%
% 6 � ��� � 69������� 69�
�)��� 69�����	� 6 ��� 6�� =5�����)� 69� = �9= 69��� � �
� POT-ML2 % %
% 6 ����� = 69�
� ��� 69�
� 6�� 69��� =�� = � 6��56 =5�
�	� � 69�
�	��� 69���	���
� MIX2 % %
%
% 6 � � ��� 69�
�	��� 69� � ��� 69� ����� 6 ������� =5�
�)� � 69������� 69� �56	�
� POT-ML2 % %
% % 6 � �56)� 69� � �56 69��� =
� =5� 6���� = � ����� � �����)� 69�
�	� = 69�����)�

TABLE 9: Summary of the results from 100 simulation from the unsigned student-t distribution with

3 degrees of freedom and 
 
�� 6 6 .
ML. Quantiles are estimated using the GPD distribution with such estimated parameters. One hundred

independent experiments are performed each time. The standradised estimated quantiles are reported

in the tables, i.e. estimated divided true quantiles.

Looking at Tables 8, 9, 10 and 11, we see again that all models tend to underestimate quantiles. For

the =%N =U6 6 percentile POT-ML performs slightly better than MIX. One data set leads to a very large

estimate of the quantile. For the =%N =U6 6 6 percentile POT-ML and MIX are very similar, with MIX

more efficient for 
 
�� 6 6 . Mix is always best for the =)N9=%6 6 6 6 percentile.

In conclusion our simulation experiment has shown that inference on quantiles based on the dynamic

mixture model is feasible and leads to results that are certainly comparable, sometimes better, than

those obtain fitting a pure GPD beyond a threshold chosen using DTS. Maximum likelihood esti-

mation of parameters of the dynamical mixture model and quantile estimation are performed in a

truly unsupervised fashion. The estimates only require a few seconds in computing time. Our semi-

automatic, C++ implementation of DTS took more time; some of the datasets took a few hours, but

with a more clever search algorithm for the threshold it should be possible to reduce the computing

time to some minutes. We did not optimise Dupuis’ algorithm, hence these results could be improved,

at a cost of allowing manual tuning.
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Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 �����)� 69���	� � 69�
� = = 69��� =�� 6 ���)� � =5� 6 = � 69� 6	� � 69� =
�	�
� POT-ML2 % % 6 ������� 69�
�)��� 69�
�	��� 69�����	� = � 6	��� =5�����)� 69� =%6�� 69� =U6)�
� MIX2 %
%
% 6 � ���
= 69��� 6�� 69�����	� 69�����	� 6 ���)��� =5� =��	� 69� = =�� 69� ��� �
� POT-ML2 % %
% 6 � ���)� 69�
�)��� 69�
����� 69�����)� = � 6	� � =5�����)� 69� =�� = 69� =
�)�
� MIX2 % %
%
% 6 � ���)� 69�����56 69�
� 6�� 69�����	� = � 6	��� =5����� = 69������� 69� ��� �
� POT-ML2 % %
% % 6 � � ��� 69����� � =5� 6)� � =5� = =�� = ��� 6�� � �
� 6 6 69� � �56 69� ���	�

TABLE 10: Summary of the results from 100 simulation from the standard log-normal distribution

and 
 
F=%6 6 6 .

Min. 1st Qu. Median Mean 3rd Qu. Max. Stdev RMSE

� MIX2 % % 6 � ���	� 69������� 69�
� =U6 69������� 6 ��� 6 � =5����� � 69� = � � 69� � ���
� POT-ML2 % % 6 ����� 6 69�
�	� = 69�
�)� � 69���	��� = � 6���� =5�
�	�	� 69��� 6�� 69� �56��
� MIX2 %
%
% 6 � ����� 69�
� = � 69����� 6 69��� 6	� 6 ��� 6�� =5������� 69����� � 69��� =��
� POT-ML2 % %
% 6 � ���	� 69��� 6�� 69�
�	� � =5� 6�� = = � ����� � ���	��� 69� ����� 69� ���	�
� MIX2 % %
%
% 6 �����	� 69�����9= 69���	� � 69����� 6 = � =%6 � � �
�)�	� 69� � ��� 69� � � 6
� POT-ML2 % %
% % 6 ������� 69������� 69�
�)�9= =5�����	� = ��� 6	� � ���	� � =5� =���� =5� �9=��

TABLE 11: Summary of the results from 100 simulation from the standard log-normal distribution

and 
 
�� 6 6 .
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Our new approach seems to work also comparable well on synthetic data sampled from a different

distribution which is not a dynamical mixture. It would be interesting to develop a theory to compute

bias and variance of the estimated quantiles, but this is beyond the scope of this paper. We conclude

this section with a remark, inspired by some arguments in Feuerverger & Hall (1999), that can help to

justify the good properties of the dynamical mixture model. We know that as � � � (and � ��� )

� � �������F=?,�� 2 � A 2�� / �
We can then define an error term � ����� and write the equality

� � ������
F= ,�� 2 � A 2	� / �+=@�
� ����� � 8
where � ����� � 6 as � � � . As in Feuerverger & Hall (1999), we can now model �9����� and assume

� ������
�� � � A 2��
� �
� ��� A 2��
� �
for ���Y6 . This leads to

� � ������
F=P,�� 2 � A 2	� / �
��� � A
� 2	� /��-2��
� � �
� ��� A

� 2	� /��-2��
� � �
which shows that after the leading term of order � A 2	� / , there are in fact infinitely many terms of

the order � A�� for �7� =)N ; . Our choice of a Weibull component is in this respect rather arbitrary,

though its flexibility is well known, but it responds to the need to model the error � . In addition, the

functional mixing term � also contributes to the terms in the expansion. Assume for example that

data are sampled from a three-term dynamically weighted mixture, with components being a Weibull

distribution, a GPD ��; 2 � and a GPD ��; �U� with ; � � ; 2 . (The weight function should be such that the

heaviest tail component remains as � � � .) If we now fit our original mixture model with only two

components (Weibull ��
 � and GPD ��; � ), we ignore one component. This will have an effect on the

estimates of 
 and ; . We expect �; to be larger than ; � , since part of the tail originated by GPD ��; 2 � will

be incorporated in the heavy tail component of (1). Also the Weibull component will try to stretch

more towards the right tail. While estimates might be unsatisfactory, estimated quantiles and returns

might however be reliable, in the sense that � -quantiles, estimated on the basis of weighted mixture

model, will be similar to the � -quantile of the correct likelihood with � components. The results in

this section confirm this intuition.

5 DANISH FIRE LOSS DATA

We will now apply our approach to the Danish fire claim data, which constitute insurance losses over

one million Danish kroner (DKK) caused by industrial fires occurring in the period =��	� 6�,F=
�	� 6 .
The losses include damage to buildings, furniture and personal property as well as loss of profit. The

unit is 1 million DKK and all data have been adjusted to the =����)� price level leaving a total of �9= ���
15



Weibull component parameters Weight function parameters GPD component parameters
�� �� �� �� �; �<

1.059 (0.041) 1.077 (0.138) 1.039 (0.136) 0.065 (0.101) 0.621 (0.052) 1.044 (0.136)

TABLE 12: The parameter estimates obtained from fitting the weighted mixture model to the Danish

fire loss data. The estimated standard deviations are shown in parentheses.

losses in the range = to ���	� � � � MDKK. Figure 2 displays a histogram of the data in
 ����

-scale. This

data set has been analysed in several papers, and is known to exhibit a heavy tail. We translate the

data by , = for simplicity and apply our dynamical mixture model (1), (2), (4) and (5). We used

� 
 6 � � 8#� 
 � 8
� 
 =58 � 
 = 8+;�
 6 � � 8+< 
 � as initial values for the maximum likelihood

calculation, following the strategy mentioned above. The results are given in Table 12. Standard

deviations are estimated by inverting the empirical Fisher information matrix.

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

FIGURE 2: Histogram of Danish fire loss data, in log-scale.

How do our estimates compare to those obtained with other approaches? McNeil (1996) uses the

POT method and fits a pure GPD to the data above some subjectively chosen threshold � . Table 13

lists the estimates obtained for the various thresholds � that McNeal suggests. (Because data are

here translated by one, so are the thresholds with respect to McNeil (1996).) To make up for the

offset introduced through the thresholding of the data at � 
 � , the estimates of < also have been

transformed to fit the tail of the distribution of the data themselves and not the exceedances. We

observe that the estimate �; obtained with the weighted mixture model are comparable to the POT

estimates using McNeil’s thresholds, and similarly for �< . The estimated variances of �; and �< using

the mixture model are smaller than for the POT. Alternatively, we used our automated version of
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DTS, which gives �9��� as the threshold, leaving 145 values for inference. The ML estimate of the two

GPD parameters beyond this threshold are �;E
 69� � �G� 6 � = = � � and �<�
 � � 6	� � 69�
� =)� , with estimated

standard deviations in parenthesis, as given via the empirical Fisher information matrix. The figures

are different, though not significantly.

Threshold �; �<
2 0.67 (0.07) 0.86 (0.14)

3 0.72 (0.10) 0.72 (0.18)

4 0.63 (0.11) 0.98 (0.32)

9 0.50 (0.14) 1.58 (0.81)

19 0.68 (0.28) 0.58 (0.77)

TABLE 13: Parameter estimates obtained from the POT method, using the thresholds suggested in

McNeil (1996) for the Danish fire loss data. The estimated standard deviations, computed using the

empirical Fisher information matrix, are shown in parentheses.

We now compare the quantiles of the fitted distributions. McNeil (1996) calculates these based on the

POT-fitted GPD above the threshold � 
 � . The estimated � -quantiles are given in Table 14 together

with the estimates we obtain via the fitted dynamic mixture, using the estimated parameter values

given in Table 12. The two methods give comparable quantiles for � 
Q69� 6)� and =U6 A � . For higher

values of � , � -quantiles based on our model are larger. For the =%6 A �

and =%6 A �

quantiles the effect

of the deviation in the estimates for ; , 6 ���)�9= compared to 6 � � , becomes clear. Still it can be seen

that the � -quantiles based on our model lies within the ����� -confidence interval of the POT-ML based

quantile when �7
 � . The last column of Table 14 reports the estimated quantiles obtained using

DTS, i.e. � 
 � � � and ML fit to the GPD beyond � 
 �9� � . This ML GPD fit is rather similar to that

one with �G
 � . In conclusion, small and medium quantiles are not significantly different, while large

ones are estimated to be larger with our unsupervised dynamic mixture model. Given the tendency

to underestimate quantiles observed in our simulations, we would tend to report the largest estimated

quantiles.

In Table 15 we show the estimated threshold �� 	 based on (9), which correspond to those tried in

McNeil (1996).

6 CONCLUSIONS

In this paper we suggest an unsupervised alternative to the classical POT model, where a GPD is

fitted beyond a threshold which is selected in a supervised way. We suggest to model the data with a

dynamical mixture: one component is a GPD and becomes predominant, as � moves to infinity, in a

continuous and smooth way. We used a lighter Weibull distribution as the other component, though
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� mixture model POT-ML, � 
 � POT-ML, �G
 �9� �
6 � 6�� 8.3 9.1 8.6

=U6 A � 25.5 26.3 26.9

=U6 A � 112.0 93.3 90.9

=U6 A �

473.8 303.9 270.2

=U6 A �

1987.0 965.2 772.4

TABLE 14: � -quantile estimates for the Danish fire loss data, using our dynamically weighted mixture

model, the POT maximum likelihood approach with threshold � 
 � , the POT maximum likelihood

approach with threshold �G
 �9��� .

� =U6 A � =%6 A � =U6 A � =%6 A � =%6 A �

���	 � �
� 6 � ����� � ��� 6 �9����� =U69��� 6
TABLE 15: Suggested thresholds �� 	 , using (9) for the Danish fire loss data.

this is just one of the possible choices. Maximum likelihood inference is performed on the heavy tail

parameter ; and empirical quantiles are computed by numerical integration. No data thresholding is

performed and all data are used to estimate the parameters present in the two components and in the

weight function. We have tried our approach on various simulated data, where it performs well. We

implemented Dupuis’ robust threshold selection method is an unsupervised way, which might not be

optimal for each specific data set. However, our limited experience indicates that a supervised use

of Dupuis’ threshold selection does not improve results significantly. We compared the unsupervised

method with ML and robust estimation of the GPD tail beyond the threshold estimated by DTS.

Our results show that our new approach is almost systematically better for =%N =U6 6 6 6 and =)N =U6 6 6
percentiles, sometimes doubling efficiency. this was particularly evident for smaller data sets. This

is shown in a sensitivity analysis, where data do not follow the mixture model. Our dynamically

weighted mixture model applied to the Danish fire loss data gives comparable parameter estimates to

those previously reported in the literature, based on guided POT inference. Estimated quantiles are

also comparable.

In Feuerverger & Hall (1999) a new estimator for ; is proposed, based on an asymptotic expansion of

� � ����� that adds a further term to the Pareto fit of relative excesses � N4� . The bias and the variance

of this new estimator are computed and compared to those of other standard estimators. We have not

performed such a theoretical analysis of our approach, which would be interesting indeed.

While we have used a dynamically weighted mixture with two components, it is of course possible to

extend our model to more components. We have not performed experiments in this setting, but expect

that an even better fit to the data would be achieved.
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Tail estimation and corresponding estimation of Value-at-Risk and returns are becoming more and

more a routinely performed analysis, for which there is a need for more automatic, less ad hoc and

subjective methods, at least as a real time warning device. We hope that this paper makes a contribu-

tion in this direction.
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