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Abstract

Two new differentstochasticmodelsfor earthquake occurrencearediscussed.Both modelsarefocusing

on thespatio-temporalinteractionsbetweenearthquakes. Theparametersof themodelsareestimatedfrom

a Bayesianupdatingof priors, usingempirical datato derive posteriordistributions. The first model is a

marked point processmodel in which eachearthquake is representedby its magnitudeandcoordinatesin

spaceandtime. Thismodelincorporatestheoccurrenceof aftershocksaswell asthebuild-upandsubsequent

releaseof strain.Thesecondmodelis ahierarchicalBayesianspace-timemodelin which theearthquakesare

representedby potentialsonagrid. Thefinal ambitionof themodelsis to makepredictionsontheoccurrence

of earthquakes.

1 INTRODUCTION

Earthquake forecastingin the strict sensewith the exact predictionof the time, the location,andthe

magnitudeof anearthquake hasbeena difficult areaof researchfor severaldecades.Oneoutcomeof

this research,however, is thatwe todayknow muchmoreaboutwhy earthquake predictionis difficult

(e.g.,Kagan, 1997). This difficulty is in part tied to conceptssuchasself-similarity, criticality and

nucleationprocesses:All earthquakesstartsmall,andwhile weknow muchaboutthelimits to growth,

wedonotknow in sufficientdetailswhenandwhy a rupturestopsbeforethat.



In this paperwe outline two new differentstochasticmodelsfor earthquake occurrencewhich both

arefocusingon the spatio-temporalinteractionsbetweenearthquakes. We believe that by including

the increasedknowledgeof earthquake processesin moreadvancedstochasticmodelsthe prediction

capabilitiesfor earthquakescanbeimproved. Both modelsarebaseduponBayesianapproacheswith

userspecifiedprior distributionsfor all parameters,while empiricaldataareusedfor deriving posterior

distributions.

The first model is a marked point processmodel (e.g., Cressie,1993) in which eachearthquake is

representedby its magnitudeandcoordinatesin spaceand time. The marked point processmodel

hastheadvantagethat it representseachearthquake separately. This givesa fine resolutionmakingit

feasibleto includeknown physical quantitiesconnectedto eachsingleearthquake. At this point the

modelincludestheeffectsof aftershocksaswell asthebuild-upandsubsequentreleaseof strain.

Thesecondmodelis ahierarchicalBayesianspace-timemodel(seeWestandHarrison,1997),in which

theearthquakesarerepresentedby potentialsin a grid. Thehierarchicalmodelrepresentsarealeffects

efficiently sincetheprimaryvariablesarerelatedto propertiesof regionsor grid blocks.

In both modelstherearemany possibleparametrizations.The principlesbehindthe estimationand

algorithmsare independentof a particularparametrization.Another freedomof the modelsis the

choiceof prior distributions.If thechoiceof priorsturnsout to becontroversialit is alwayspossibleto

chooseflat priors. This, however, giveslessinformationandsubsequentlymay leadto lessprecision

in thepredictions.Themodelsarequitepreliminaryin that they solelyarebasedupondatafrom an

earthquake catalogandassuchdo not incorporateany known geophysicalor geologicalinformation

from theearthquake region.

It is a primary aim to develop the marked point processmodel further by including more detailed

geologicalinformation suchas faults and weaknesszones,rupturecharacteristicsand stressdrops

connectedto the larger earthquakes in a catalog,tectonicprocessesin the region, etc. This model

is a very flexible oneandis well suitedfor the incorporationof suchinformationandotherkinds of

changes.Webelievethatwith suchimprovementsthemarkedpointprocessmodelwill beawell suited

tool for abetterunderstandingof occurrencecharacteristicsof earthquakesin variousregions.
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2 MARKED POINT PROCESS MODEL

Marked point processesare commonlyusedstochasticmodelsfor representinga finite numberof

eventslocatedin spaceandtime. Earthquake occurrencecanvery well befitted into a markedpoint

processmodel. Eachearthquake has,in additionto a location in spaceandtime, parametersrepre-

sentingthemagnitudeandquiteoftenalsoinformationabouttheearthquake fault lines. Pointprocess

modelsfor earthquakeshave previously beendiscussedby Vere-Jones(1995)andOgata(1998). The

modelpresentedin this papertreatsaftershocksin asimilar fashionto thework by Ogata.In addition,

themodeltakesinto accounttheeffect of strainbuild-up. Theultimategoal is to includeasmuchas

possibleof known physicalprocessesinto themodel.

2.1 THE MODEL

In our notationan earthquake is representedby
� � �	��
���

and � , where
��� ��� � 
�� � 
�� � �

is the

hypocentercoordinates(
� �

= longitude,
� �

= latitude,
� �

= depth),
�

is themomentmagnitude,and� is thetime. An earthquake catalog��� ����������
 � ������! #" � �$���	�%��
&�'�(
 � �)����! #" � consistsof all observed

earthquakesaboveacertainmagnitudein aspecifiedregion,andin a giventimeperiod
�+*-,.
/*0�

.

Thetwo majorassumptionsmadein theproposedmodelare:

1 The intensity 2 � �)�3
 ��45� ��
/67� of earthquakesis a function of the parameters
�)�3
 � �8�9���:
&�;
 � � ,

all previousearthquakes � � in theregion,andsomeparameters
6

to bedeterminedby Bayesian

updating.If additionaldataor physical informationis available,this shouldbe includedin this

intensity.1 The time averagedintensity 2 �)�<�=� 2 ���-� 2 �)� 4 �-� asa function of magnitudeand location is

known.

The time independentintensity 2 ���>� representstheaveragenumberof earthquakesperunit time and

unit volume. We have hereestimated2 ���>� from a catalog. It may, however, be possibleto estimate

3



2 ���-� from geologicaldataof earthquakes,or acombinationof suchdataandacatalog.This is believed

to give a morestableestimatesincea catalogmayhave completenessproblems.In particular, it may

not cover sufficiently many largeearthquakesin eachregion to give thestability that is desired.This

aside,it is anaturalchoiceto let 2 ��� 4 �>� bedeterminedby thewell-known Gutenberg-Richterlaw for

thedistribution of magnitudessuchthat 2 ��� 4 �>�@?BA�CEDGF+H
, wherethevalueof thescalingparameterI

usuallyis in theinterval
��C%JLKG
�AMJONP�

(e.g.,Vere-Jones,1995).

Wewill assumethattheintensity 2 � is givenby2 � ���Q
 ��45� ��
�67�R� 2 � �)� 4 67��SE���:
 ��45� ��
/67�:T 2 � ���Q
 ��45� ��
�67�U
 (1)

where 2 � is the backgroundintensity,
S

representsthe effect of strain build-up, and 2 � represents

the increasein the intensityafter an earthquake usedfor modelingthe aftershocks.The background

intensity 2 � �)� 4 67� dependsimplicitly on theparameters
6

throughtherequirementthat 2 � ���Q
 ��45� ��
�67�
averagedover time equals 2 ���V� . If the strain build-up is omitted,

SW� A
, while if the aftershock

treatmentis omitted, 2 � �XC
. In thecasethatboth

SY�ZA
and 2 � �XC

themodelis just reducedto a

simplePoissonmodel.

The intensity 2 � is usedto model the aftershocks.It canbe usedalso to model foreshocksbut we

have not pursuedthis idea in the currentpaper. Let
�'�

be the magnitudeof a shockin the catalog

at the time � � , and
�

the magnitudeof a subsequentshock. Aftershocks
�

are then modeledby2 � �)�3
 ��45� ��
/6[�]\^C for earthquakes
� _`�a�

for � \ � � . Wewill assumethat 2 � hastheform2 � �)�Q
 ��45� ��
/6[�R� bcLd  � �! !e+fhg-ihj �)�3
 � 
&�]�/
 � �(
/6[�k
 (2)

where

j �)�3
 � 
�]�/
 � �(
�67�R�l6 � j � ���m
�'�(
/6 � � j � � � 
 � �/
/6 � 
�6onh� j � ���:
p�q�(
/6srU�UJ (3)

The functions j � , j � 
 and j � representmagnitudial,temporal,andspatialeffects,respectively. Note

that the summationimplies that if there is a large earthquake followed by a seriesof smaller

earthquakes all of these earthquakes contribute to the intensity. A typical form of j � isj � �)�;
�a��
/6 � �R�`tvu�w��	6 � �'���-A�CGDGF+H , in accordancewith the Gutenberg-Richter law. This gives the

samemagnitudedistribution asthe time averagedintensity. For the temporaleffect we assumethat
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j � � � 
 � �/
/6 � 
/6onh�R�$A.xq� �zy{� �oT{6onh�)|U} . The spatialeffect canbe representedby a function basedon the

distancebetweenthehypocenters,i.e., j � �	��
��%�(
/6srk�R�`tvu�wz� y 6sr 4!4 � y �%� 4!4 � � .
It seemsto begenerallyacceptedthatthereis moreregularity in theoccurrenceof earthquakesthancan

beaccountedfor in a Poissonmodel(Working Groupon CaliforniaEarthquakesProbabilities,1995).

The assumptionis that in any particularregion strainis slowly building up andthenreleaseddueto

earthquakes.Thiseffectcanbeincorporatedinto apointprocessmodel.Wefirst defineastatevariable~
thatcanbeconnectedto strain,or to stressfor thatmatter. Theinterpretationof

~
maybedifferent

thanthestandarddefinitionof strain(or stress),but its generalnaturewill besuchthat it reflectsthe

spatio-temporalreleaseof strain/stressenergy. For simplicity we refer to
~

asstrainin thefollowing.

Wedefine
~

by ~ ���:
 ��45� ��
/6[��� ~ ,��	��
/*-,h��T��7���:
�67��� �7y *-,v� y bcLd  � �! !e+fhg i�� ����
�]�(
�67�U
 (4)

with �7�	��
/6[�R�;� � ���:
&���+
�67� 2 �)���!�(�G���	
 (5)

and

� �	��
� � 
/6[�R�`tvu�w��+6s�k� � �Gtvu�w�� y 6�� 4!4 � y � � 4!4 � �kJ (6)

Here
�

representstheaveragestrainbuild-up perunit time and � the releaseof strainfor eachearth-

quake. We have madethe assumptionthat the meanstrain releaseequalsthe meanstrainbuild-up.

Thestrainrelease� is factoredinto two termsrelatedto themagnitudeof theearthquake anda spatial

effect, respectively. Thus,
~

representsthe strainat any point
�	��
 � � in spaceandtime, given all the

previousearthquakescontainedin thecatalog� � . It is assumedthat
~

builds up linearly andthende-

creasesinstantaneouslywith eachearthquake. Thestrainhasa variability that is independentof time,

and
S

is anincreasingfunctionof
~

givenbySG�	��
 ��45� ��
/67�@�`tvu�w��+6�� ~ �kJ (7)

It is implicitly giventhroughthisparametrizationthatthetime-averagedintensityof earthquakesequals2 �)�<� . Theeffect of
S

is to reducethevariability in the time periodsbetweenvery large earthquakes
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comparedto the simple Poissonmodel. The variability in time periodsbetweenlarge earthquakes

becomessmallerandsmallerwith increasinglylargevaluesof
6��

and
6s�

. Theparameter
6��

specifies

thesurroundingregion of anearthquake in whichstrainis released.

2.2 POSTERIOR DISTRIBUTIONS FOR THE PARAMETERS

Fromthe real catalog ��� of the period
�	*s,.
�*��

it is possibleto find the posteriordistributionsof the

parameters
6

. Theseposteriordistributionsrepresentthebestguessesfor theparametersandshouldbe

usedin all predictions.Theposteriordistributionsfor theparameters
6

, given thedatain thecatalog��� , aredefinedby theequation � �	6 45��� �R? � �+6[� � � �<��4 6[�kJ (8)

Thelikelihood

� � ����4 67� canbecalculatedfrom� � ����4 6[��� thuGw�� y � ��U� � 2 � ���Q
 ��45� ��
�67�/�E��� �(� �� ��� � 2 � �����(
 � � 45� �� /
/6[�� � �+6[� �� ��� � 2 � �)�]�/
 � � 45� �! (
�67�U
 (9)

wherethefactor
tvu�w�� y'� ��U� �32 � �)�3
 ��45� ��
/67�/�G��� �/  is approximatedby aconstant� �	6[� . This factoris

dueto periods
� � � D � 
 � ��� without earthquakes,while thefactor ¡ ���� � 2 � �)�]�(
 � � 45� �! (
/6[� representsthein-

tensitiesfor theactualearthquakes.Theposteriordistributionsfor theparametersarefoundby Markov

chainMonteCarlosimulationfrom (8). In Markov chainMonteCarlosimulationonedefinesa chain

of parametersetsthat after a sufficient numberof iterationssatisfiesthe specifieddistributions. The

maximumlikelihoodestimatesfor theparametersaretheparametersthatmaximizestheexpression(9).

2.3 SIMULATIONS AND PREDICTIONS

Simulationfrom themodelis fairly straightforward.Thesimulatedearthquakesaregeneratedoneat a

time in chronologicalorder, andtheintensityfor eachnew earthquake is givenby (1). An exampleof

asimulatinis givenin thenext section.
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Predictionscanbe doneby first sampling ¢ valuesof the parameterset
6

from the distributions(8)

using the most recentearthquake catalog � � for the region. Theseparametersetscanbe found by

Markov chainMonte Carlo simulation. For eachof thesesetsof parameters
6

new earthquakesare

simulatedbasedupontheintensity 2 � �)�3
 ��45� ��
/6[� , where� � is continuoslyupdatedduringsimulation.

Probabilisticpredictionsarethenobtainedsimplyby countingthenumberof earthquakesin thediffer-

entsimulations.For short-termpredictionsandwhentheintensityis low it is alsopossibleto usethe

intensitiesdirectly.

2.4 RESULTS

As a first stepwe have implementedan algorithm for estimatingthe maximumlikelihoodsof the

parameters
6

. Theempiricaldatawe have usedarebasedon anearthquake catalogover thetime span

1932– 1999compiledby theSouthernCaliforniaEarthquakeCenter, SCEC(2000),andlimited to the

region £ A�¤ –£¦¥ ¤ N,
A¦A¨§M¤

–
A¨N�C¦¤

W. Wehavealsolimited thedatato includeonly theepicentercoordinates� �
= longitudeand

� �
= latitude,thusneglectingthehypocentercoordinate

� �
= depth.In Fig. 1 (left)

is shown the locationof all quakesof magnitudes
� ©Bª�J«C

for this region andthe given time span.

We have includedall earthquakes of magnitude
� © £ J¬C in our dataset, which comprises15804

earthquakesover the time-spanof 24837days,giving an averageintensityof 0.636earthquakesper

day. A simpletime-magnitudeplot in Fig.1 (right) showsthatthecompletenessseemsto bereasonable

backto 1942.The
§Q'§

degreeareais dividedinto 1600grid cells,with eachcell correspondingto a

sizeof about
AvªY®A¨N

km. Theintensity 2 �)�<� for eachgrid cell is calculatedfrom theempiricaldata.

An averageI -valueof 0.93for theGutenberg-Richterrelationis estimatedfrom thedata.

Using the 58-yearperiod1942–99of the catalog,the estimationof the maximumlikelihoodsyields6 � �9C%J¯ª�K�°PNq
/6 � � A¦J�A�±¦°%
/6 � � A¦J¬N¦NM°%
/6on²��CqJ¬C%Ah± ¥ K , and
6sr³� A�° £ ± when the strainbuild-up is

omittedandhence
S<�´A

. In thecalculationwe have assumedthat thecontributionsto 2 � ���Q
 ��45� ��
�67�
for eachquake go no more than10 yearsback in time. Hence,the 10-yearperiod1932–41of the

empiricaldatais usedindirectly in thecalculationgiving contributionsto 2 � for quakesin theperiod

1942–51.A detailedanalysisof theparametersindicatesthat60.3%of thequakesin theperiod1942–

99 are due to aftershockactivity while the remaining39.7%of the quakes are due to background
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Figure 1: The location of earthquakes with µ ¶¸·E¹¬º plotted togetherwith the major faults (left), and the

magnitudevs. time for earthquakeswith µ ¶¼»¦¹«º (right) in SouthernCaliforniain theperiod1932– 1999.

activity. An interpretationof theparameter
6 � is that the increasedintensitydueto anearthquake of

magnitude
� ��§qJ ¥ is twice thatof a

� �$§qJ«C
earthquake. Thevaluesof

6 � and
6on

indicatethat the

increaseof intensityis halved20minutesafteranearthquake. Finally, thevalueof
6sr

indicatesthatthe

increasedintensityis halvedatadistanceof 1.9km from theepicenterof theearthquake. Includingthe

build-up of strainthecalculationof themaximumlikelihoodsyields
6 � �BC%J5ªP±¦C%A¦
/6 � �½A¦J�A�°¦C%
/6 � �A¦J¬N¦NM°q
�6on<�´C%J«C%A�± ¥ K�
/6sr��½A�°¦§¦Nq
/6��<�BC%J¬CMC¦C�ªE±¦±�ª�
/6s���´C

, and
6��<�´C

. Turningon thestrainbuild-

up henceyields minor correctionsto
6 � 
/6 � 
/6 � 
�6on , and

6sr
, while

6s�
and

6��
both vanish. The direct

interpretationof
6s���mC

is thatthebuild-up andreleaseof strain(notethatthis is not strainenergy) is

independentof themagnitudesof theindividual earthquakes,andthat it is thenumberof earthquakes

(thecumulativeeffect) thatmattersin thiscontext. Indirectly, however, a largeearthquakehasagreater

impactthanasmallonebecauseit triggersa largernumberof aftershocks.

Finding the parameter
6��¾�¿C

meansthat eachearthquake in the cataloghasa global effect on the

build-upandreleaseof strain.This is difficult to interpretphysicallybut aplausibleexplanationof the

resultis thatwe so far in themodelhave usedepicentraldistancesinsteadof thesmallestdistanceto
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thecausative fault (theruptureplane).Anothersignificantsourceof errormayberelatedto our crude

assumptionthat
~ � ~ ,

at thebeginningandtheendof thecatalog.This assumptionwasmadefrom

simplicity andfrom the lack of knowledgeaboutthe actualstateof strainin the variousregionsand

differentpointsof time. It is alsoclear that the earthquake catalogwe have usedin estimatingthe

parametersof themodelcoversa too shorttime span(1932– 1999)to carrysufficient informationon

the build-up andreleaseof strain. Hopefully, in a refinedmodelwheretheseissuesaretaken better

careof, theproblemwith thevanishingof
6��

will beresolved. Thevanishingof
6s�

suggeststhat this

parameter, asgivenby theexpression(6), is superfluousin themodel. A betterrepresentationof the

strain releasemight thereforebe given by � ����
� � 
/67�À�Átvu�w�� y 6s� 4!4 � y � � 4!4 � x�A�C H�Â � , in accordance

with theempiricalfact that thespatialextensionÃ of anearthquake usuallybehaveslike ÃÅÄ A�C HÇÆ �
(implying self-similarity), except for larger earthquakeswhere ÃXÄ A�C � HÈÆ n

(e.g.,StockandSmith,

2000).In thisexpressionfor � ���:
� � 
/6[� theold
6��

hasbeenreplacedby anew
6s�

, i.e., advantageously

thereis onelessparameterin themodelto beestimated.
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Figure 2: Earthquakes of µ ¶É»M¹¬º in the period 1990 – 1999 in SouthernCalifornia (left), and simulated

earthquakesover thesame10-yearperiodusingthemarkedpointprocessmodel(right). Thesimulationis based

ondatafrom thetime period1932– 1999.
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Figure3: Magnitudevs. time of actualearthquakesin theperiod1990– 1999(left), andsimulatedearthquakes

over thesame10-yearperiod(right) in SouthernCalifornia.

At thenext stepwehaveimplementedanalgorithmfor simulatingearthquakesin theregionof interest,

giventheestimatedvaluesof the
6

’s. An exampleof a simulationover the10-yearperiod1990–99in

thecaseof
S0�$A

is shown to theright in Figs.2 and3. Thisparticularsimulationthusdoesnot takethe

build-upandreleaseof straininto accountbut is aresultof thebackgroundactivity dueto the1932–99

catalogandaftershockactivity dueto the1980–89data.Thesimulationresultedin 2315earthquakes

over 3652days,correspondingto 0.634earthquakesperday. Of the2315earthquakes,1419of them,

or 61.3%,wereafterquakes. For a comparisonwith observed data,the correspondingdatafrom the

period1990–99areshown to theleft in Figs.2 and3. Exceptfor thefactthattheperiod1990–99is a

periodof higherthanaverageintensity, we seefrom Fig. 2 that thesimulationproducesearthquakes

with a similar spatialdistribution asthe observed data. In additionit canbe seenthat the simulated

catalogreflectsfeaturesin the1932–99datathatarenot presentin the1990–99data.Thesimulation

resultsalsodisplayaftershockactivity indicatedby eventsequencesfollowing the largerearthquakes

asshown in Fig. 3 (right), althoughthis effect is not aspronouncedasfor theobserveddatain Fig. 3

(left).

Simulationswherethe build-up andreleaseof strainare taken into accountproduceresultsthat are

similar to thosedisplayedin Figs.2 and3. This is not sosurprisingsincewe do not expectto seeany

realperiodicitypatternontheoccurrenceof largeearthquakesoverthetime-spanof only 10years.The

returnperiodfor the largestearthquakesin this region is muchlongerthanthis. In Fig. 4, however,

we haveshown thetypical behavior of thestrainfunction
SE�	��
 ��45� ��
/6[� duringa givensimulation.The
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Figure4: Thestrainfunction Ë�ÌÎÍ-Ï�ÐUÑ Ò � Ï�Ó�Ô for a typical simulationtakinginto accountthebuild-up andrelease

of strain. Ë�Ì#ÍsÏ(ÐUÑ Ò � Ï�Ó�Ô increaseswhentheactivity is below theaveragebackgroundintensityanddropssuddenly

dueto the aftershockactivity following a large earthquake. The abruptincreaseof Ë�Ì#ÍsÏ(ÐkÑ Ò � Ï�Ó�Ô over the first

500daysis dueto a low Õ , value.

suddendropsin thegraphcorrespondto thereleaseof straindueto theaftershocksfollowing a large

earthquake. To demonstratethepureeffect of thestrainfunction
SE�	��
 ��45� ��
�67� in our model,we have

donesimulationswherethe aftershockstreatmenthave beenomittedby setting
6 � �ÖC

, effectively

giving 2 � �ÖC
. The otherparametersare left unchanged,except that in the first simulationwe set6��8�XC%J«C¦C¦C�ª�K�C¦±

(unchanged),while in the secondsimulationwe take
6��

to bea factor1000higher.

The effect of varying
6��

in this manneris shown in Fig. 5 wherethe graphsshow the frequency of

earthquakesfor each30-dayperiodof thesimulationperiod.A greatervalueof
6��

yieldsa moreeven

releaseof strainin eachtime interval, andhenceamoreevenfrequency of earthquakesin each30-day

period.Themodelis not particularlysensitive to thevalueof
6��

sinceit wasnecessaryto multiply
6��

with a factor1000to achieveasignificantdifference.However, animprovedestimateof theparameter6��
mayimply a greatersensitivity to

6��
.
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Figure5: Thefrequency of earthquakesin intervalsof 30 daysfor a givensimulation.Theleft figureshows the

frequency whentheparameterÓ �R× ºM¹¬º¨º.º�·�Ø¨º¨Ù , while to theright is shown thefrequency when Ó �@× º¦¹¯·MØ�º.Ù .
2.5 DISCUSSION AND CONCLUSIONS

In conclusionwehaveby maximumlikelihoodoptimizationestimatedtheparameters
6

of themarked

pointprocessmodel,usingearthquakedatafrom SouthernCaliforniafrom theperiod1932– 1999.The

first 5 parameters
6 � 
/6 � 
/6 � 
�6on.
/6sr areconnectedto the term 2 � andrepresenttheaftershockactivity.

Theestimatedvaluesfor theseparametersseemreasonable.For instance,we maycomparetheresults6 � �ÚA¦JONMNM°
and

6on³�ÖCqJ¬C%Ah± ¥ K with the correspondingestimatesfound by Ogata(1998) in various

extensionsof his EpidemicType Aftershock-Sequencesmodel. Applied to datafrom two different

districtsof Japan,OgataestimatedaparameterÛ (correspondingto
6 � in ourmodel)to bein therange

0.900–1.136anda parameter� (correspondingto
6on

) to be in the range0.00172–0.0357.The last 3

parameters
6��¨
�6s��
/6��

areconnectedto thefactor
S
, which representsthebuild-up andreleaseof strain

in themodel.Surprisingly, we foundboth
6s�

and
6��

to vanishin themaximumlikelihoodestimation.

Thevanishingof
6s�

suggeststhat the releaseof strainlocally is independentof themagnitudeof the

earthquakes. The releaseof total strainenergy, however, doesdependon the sizeof the earthquake

sincea large earthquake causesreleaseof strain over a much larger areathan a small earthquake.

Becauseof this, theparameter
6s�

seemssuperfluousin themodelandcouldbeomittedby a slightly

differentrepresentationof thestrainrelease,asindicatedearlier. Thevanishingof
6��

in ourestimation

is difficult to interpretphysically, however. Thisimpliesthatall earthquakesin thecataloghaveaglobal
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effect on thereleaseof strainfor theregion considered.This in not whatwe would have expectedand

suggeststhatthegivenparametrizationhasbeentoocrudeto handlethespatialdependenciesbetween

the releaseof strainandthe individual earthquakes. Oneexplanationfor this maysimply be thatwe

have usedepicentraldistancesinsteadof thedistancesto theruptureplane.Clearly, morework needs

to bedoneon thispoint.

At the currentstagewe have donesimulationsfrom the modelwhich demonstratesthat it is ableto

displayboththespatio-andtemporalinteractionsbetweenearthquakes.In orderfor themodelto gen-

erateasrealisticearthquake patternsaspossible,however, it is desirableto incorporateasmuchof the

seismological,geologicalandgeodeticknowledgeaspossiblein themodel.To thisendit is important

to keepin mind thatthemainaimof theseefforts is to provideaprobabilisticmodelingof earthquakes

basedon presentmultidisciplinaryunderstandingandknowledge,andnot to replacethis knowledge

by a stochasticmodel. By useof Bayesiantechniquesit is possibleto useempiricaldatato quantify

therelationshipsbetweendifferentphysicalmeasurements.Someof themostimportantpotentialex-

tensionsof thecurrentmarkedpoint processmodelwouldbe:

Extended earthquake source representations

By makinga representationof the entireearthquake ruptureplaneandseismicmomentreleaseover

the fault insteadof just thehypocenterandthemagnitude,it shouldbepossibleto delineatein more

detailsthelargerearthquakesandtherebyalsogetabetterrepresentationof thespatialdistributionsof

aftershocksandstrainreleaseconnectedto eachearthquake.

Mapped faults and other structural geological features

Usingmappedfaultsasanadditionaldelineationof earthquake potentialswill provide morerealistic

estimatesof local intensitiesandorientationsof earthquake rupturecharacteristics.Thefault orienta-

tionsmay, in a preliminarymodel,beconsideredashaving a staticprobabilitydistribution depending

simply on thelocationof theepicenter. It mayalsobepossibleto make it time dependent,depending

alsoon the valueand the orientationof the local strain along the mappedfaults. A realistic strain

build-up modelshouldberelatedspecificallyto themappedfaults,incorporatingboth long-termand

short-termgeodeticinformation.
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Strain release and build-up after earthquakes

An earthquakeresultsin thereleaseof strain.However, it mayalsoincreasethestrainin certainregions

dependingon thecharacterof theearthquake ruptureandthelocal structuralgeology. Theincorpora-

tion of arealisticstrainrelease(andbuild-up)modelshouldalsoconsiderpotentialregionsfor aseismic

slip.

Improved triggering models and spatially dependent parameters

An improvedmodelingof potentialtriggeringconnectionswill beuseful. Themodelcanalsobeim-

proved by usingparametersthat arespatiallydependent,i.e., both the
6

s and the b-value from the

Gutenberg-Richterlaw maydependon thelocation,aswell asvarywith time.

Use data from before the beginning of a catalog

Theaveragetimeindependentintensitiesandperhapsalsothestrainbuild-upmodelsmaybeimproved

by usingin particularpaleoseismicinformation,addressingin particularuncertaintiesrelatedto poten-

tial ‘earthquake deficit’ situations.It would alsobepossibleto extendthecatalogbackin time based

onothertypesof simulations.

Use of other kinds of geo-information

Onemay let the intensitiesdependon otherkindsof dataof potentialimportancefor earthquake oc-

currence.By usinga Bayesiantechniqueit is only necessaryto provide the dataandspecifya prior

distribution for therelationshipbetweenthemeasurementandtheintensities.A posteriordistribution

is thenderivedfrom thedata.

3 HIERARCHICAL BAYESIAN SPACE-TIME MODEL

The basictheory for Bayesianforecastingand dynamicmodelsis presentedin the book West and

Harrison(1997).A partof this theoryis known in theengineeringcommunityasKalmanfiltering. In

theexcellentpaperWikle, BerlinerandCressie(1998)thisbasictheoryis usedto develophierarchical

Bayesianspace-timemodels,and it is suggestedthat this gives more flexible modelsand methods

for theanalysisof environmentaldatadistributedin spaceandtime. Themodelis implementedin a

Markov chainMonteCarlosimulationframework usingGibbssamplingandappliedto anatmospheric
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datasetof monthlymaximumtemperatures.

Inspiredby thework abovewe will in thefollowing presentahierarchicalBayesianspace-timemodel

to be appliedto an earthquake catalog. Although Vere-Jones(1995) is very muchconcernedwith a

marked point processapproachto earthquake predictionhe is statingat the endof the paper:“
J�JhJ

,

andit is possiblethatsomethinglike a hiddenMarkov model(for thestrainregime) couldprovide a

moreflexible modelingframework within whichsuchprecursoryfeaturescouldbeexplored.” We feel

thatthepresentapproachis justa full consequenceof this line of thought.

3.1 THE MODEL

In the following, let an index
�

denotespacelocationand � denotetime.
�

and � will be discrete.

Typically, spacelocationswill besituatedon a grid wherethedistancebetweennearestgrid pointsis

of theorder20kilometerswhereasthedistancebetweenpointsin time is of theorder10days.

Wenow introducethefollowing unobserved(hidden)systemstatevariable:Ü�Ý� �
earthquake potentialat spacelocation

�
andtime �

It is naturalto consider
Ü.Ý�

asan unknown, continuouslydistributedrandomquantity. If it weredis-

cretelydistributed,ahiddenMarkov modelapproachmighthavebeenpossible.Furthermore,introduce

theobservationcorrespondingto
Ü Ý�

:� Ý� �
observedearthquake magnitudeat spacelocation

�
andtime �

Wealsointroducea correspondingnoise(shock)term:Þ� Ý� �
noise(shock)at spacelocation

�
andtime �

In the following, all noiseterms,with genericnotation ßà Ý� , areindependentin spaceandtime, each

having a normaldistribution
àá��C%
pâ � ãä � , where

â � ãä is a randomquantity. Thesenoisetermsarealso

assumedto betotally independentof all othernoiseterms.

Thebasiclink betweentheearthquakepotentialandtheobservedearthquakemagnitudeatspaceloca-
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tion
�

andtime � is givenby theso-calledobservation equation:� Ý� ��� Ü Ý� T Þ� Ý� �/ås� Ü Ý� T Þ� Ý� ©Åæ%��
 � ��AM
&N�
�JhJhJÇ

(10)

wherefor anevent
� ås�)�V��� çè«é A if

�
occursC

otherwise

Here
æ

is adetectionlimit, beingfor instance
�Åª�J«C

.
æ

maybereplacedby
æ.�

, whichdependson time.

Themainreasonfor sucha sophisticationis a changein dataquality with time. Thebasicideabehind

theobservationequation(10) is simple.If thesumof thepotentialandshocktermat spacelocation
�

andat time � exceedsthedetectionlimit, we observe anearthquake at
�

and � with magnitudeequal

to this sum. If the sum doesnot exceedthe detectionlimit, nothing is observed. Since
� Ý�

hasa

distribution involving truncationfrom below at
æ
, standardBayesiandynamicmodeltheorycannotbe

appliedandwehave to rely onefficient Markov chainMonteCarlosimulationtechniques.

Theearthquake potentialat
�

and � is now assumedto bedecomposedin thefollowing way:Ü Ý� �lê Ý T Ü Ýë � � � T Ü Ýë � � T Ü Ýì � � � T ßÜ Ý� 
 � ��AM
&N�
�JhJhJ
(11)

Here
ê Ý

is a time independentcontribution,
Ü Ýë � � � a shortterm contribution,

Ü Ýë � � a straincontribution

and
Ü Ýì � � � a long termcontribution. ßÜ Ý� is anoisetermlinkedto thesystemstate

Ü Ý�
.

We now give the so-calledsystem equations for respectively the short term contribution, the strain

contributionandthelong termcontribution. Theseequationslink thesystemstatevariablesat thetime� to the correspondingvariablesat the previous point in time �íy A
andto informationon observed

earthquakesat �7y A .
We start by the short term contribution. Introducethe notation î �

north, ï �
east, ð � south,ñ �

west, ò �
above, ó �

below. Furthermore,let î ���-��� locationnorthof
�

(if any) anddefine

correspondinglyï ���>�k
 ð ���-�U
(ñô���-�U
 ò �	�>�U
 ó �	�>� . Extendingthecorrespondingcontributionin themodel

of Wikle, BerlinerandCressie(1998)to 3-dimensionalspace,wehaveÜ�Ýõ � � � �÷ö Ý.Ü.Ýõ � � � D � TøöPù Ü ù c Ý eõ � � � D � T�öEú Ü ú c Ý eõ � � � D �T0ö õ Ü õ c Ý eõ � � � D � TøöMû Ü û c Ý eõ � � � D � Tøö¦ü Ü ü c Ý eõ � � � D � TøöPý Ü ý c Ý eõ � � � D � T ßÜ.Ýë � � � 
 � �$A¦
Nq
hJ�JhJ (12)
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Hencetheshorttermcontribution to thesystemstateat
�

and � is linkedlinearly to thecorresponding

contribution to thesystemstateat time ��y A andto thecontributionsto thesystemstatesof its nearest

neighborsat time �7y A . We assume
�	���$A¦
hJhJhJ�
 ~ �

:Ü Ýë � � , Ä à{þ«ÿÜ Ýë � � , 
 ÿ â ��������� � �
The

Ü Ýë � � , s areassumedindependentwith expectationsandvariancesto beconsideredasfixedparam-

etersthatmustbespecified.

Wenext considerthestraincontribution givenbyÜ Ýõ � � ��� Ü Ýõ � � D � T®6 Ý� D � �/ås�)� Ý� D � �÷CE��T ßÜ Ýë � � 
 � ��AM
&N�
�JhJhJ6 Ý� �l6 Ý TÅ�+6 Ý� D � y 6 Ý �/ås�)� Ý� D � �÷CE��T ß6 Ý� 
 � �÷C%
hA¦
hJhJhJÇ
 (13)

wherewe set
ås�)� Ý, �$CE� �XA

and
å-��� ÝD � ��CE� ��C

.
6 Ý� D � is an incrementalgrowth term(positive or

negative)addedto thestrainat
�

and��y A to givethestrainat
�

and� , if thereis noobservedearthquake

at
�

and � y A
. If suchanearthquake hasoccurred,we assumethatall strainhasbeenreleased,and

hencethestrainat
�

and � is assumedto bezeroanda new build-up of strainis started.We modelthe

distributionsof the
Ü Ýë � , sand

6 Ý
s completelyparallelto theonesof the

Ü Ýë � � , sgivenabove.

Since
Ü Ýõ � � and

6 Ý�
dependon the observation

� Ý� D � in additionto the dependenceon
Ü Ýõ � � D � and

6 Ý� D �
again standardBayesiandynamicmodeltheorycannotbe appliedenforcingthe relianceon efficient

Markov chainMonteCarlosimulationtechniques(seeWestandHarrison1997,p. 565).

Finally, considerthe long term contribution, which might be excludedfrom the model if it is not

supportedby theearthquake catalog.Let

Û Ý � theperiodof thelong termcycleat spacelocation
�

Then,assumingÛ Ý to beodd, it follows from WestandHarrison(1997),sections8.6.3,8.6.4,8.6.6,

thatwe have thefollowing reducedFourierform model:Ü Ýì � � � �
	���¨��N���x Û Ý � Ü Ýì � � � D � T�����:��N���x Û Ý ��� Ý� D � T ßÜ Ýì � � �� Ý� � y ����:��N���x Û Ý � Ü�Ýì � � � D � T�	���¨��N���x Û Ý ��� Ý� D � T ß� Ý� 
 � �$A¦
Nq
hJ�JhJ (14)
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Ü Ýì � � � and
� Ý�

are interpretedasFourier coefficientsat
�

and � . The latter is only usedto updatethe

former. It shouldbenotedthat (14) is moregeneralthanthecorrespondingcontribution in themodel

of Wikle, BerlinerandCressie(1998),wherewewouldgetÜ Ýì � � � � Ü Ýì � � , 	���¨���)N���x Û � � ��T�� Ý, ��������)N���x Û � � �]
 � �$A¦
Nq
hJhJ�JÇ

having Û Ý � Û for all

�
andnonoisetermsto ensurea randomdevelopmentin time.

Wikle, BerlinerandCressie(1998)introducesimplespatialtrendsin variouspartsof their modeling

dueto resultsof someexploratorydataanalyses.We will notmakesuchrestrictionsin ourmodel.We

simplymodelthedistributionsof the
Ü.Ýì � � , sand

� Ý,
scompletelyparallelto theonesof the

Ü�Ýë � � , sgiven

above.

We now considerthe time-independentterm,
ê Ý

, in (11). Extendingthe correspondingcontribution

in the modelof Wikle, Berliner andCressie(1998) to 3-dimensionalspace,we have the following

Markov RandomField model:ê Ý Ä;î þ¯ê Ý, T I ù � õ �.ê ù c Ý e y ê ù c Ý e, T�ê õ c Ý e y ê õ c Ý e, �I ú � ûY�.ê ú c Ý e y ê ú c Ý e, T�ê û c Ý e y ê û c Ý e, �
(15)I ü � ý>�.ê ü c Ý e y ê ü c Ý e, T�ê ý c Ý e y ê ý c Ý e, �G
pâ �� � 


where
â �� is a randomquantity. Furthermore

���=��A¦
hJhJhJ:
 ~ �
:ê Ý, Ä àá� ÿê Ý, 
 ÿ â �� �� �

The
ê Ý,

sareassumedindependentwith expectationsandvariancesto beconsideredasfixedparameters

that mustbe specified. Finally, the spatialdependenceparametersI ù � õ 
 I d � û and I ü � ý areassumed

independentandnormallydistributedwith expectationsrespectively equalto
ÿ I ù � õ 
!ÿ I ú � û and

ÿ I ü � ý and

variancesrespectively equalto ÿ â �F�� � � 
 ÿ â �F�� � � and ÿ â �F� � ! . Theseparametersareagain fixed andmustbe

specified.

Returningto (12),
ö Ý

is modelledcompletelyparallelto
ê Ý

in (15)asaMarkov RandomField. Hence,ö Ý Ä;î þ¯ö Ý, TøöPù � õ ��ö ù c Ý e y ö ù c Ý e, T�ö õ c Ý e y ö õ c Ý e, �T0öPú � ûY��ö ú c Ý e y ö ú c Ý e, Tøö û c Ý e y ö û c Ý e, �
(16)T0ö¦ü � ý>��ö ü c Ý e y ö ü c Ý e, T�ö ý c Ý e y ö ý c Ý e, �G
pâ �" �
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Having introduceda propernotation,the rest is straightforward. Furthermore,we assumethat the

nearestneighborparametersin (12)
öEùz
pöPú>
ö õ 
pöMû�
pö¦ü and

öPý
areindependentandnormallydistributed

with expectationsrespectively equalto ÿ öEù7
 ÿ öPú>
 ÿ ö õ 
 ÿ öMû�
 ÿ ö¦ü and ÿ öEý andvariancesrespectively equaltoÿ â �" � 
 ÿ â �" � 
 ÿ â �" � 
 ÿ â �" � 
 ÿ â �"  and ÿ â �" ! . Again theseparametersarefixedandmustbespecified.

Finally, following Wikle, Berliner andCressie(1998) the randomvariances
â � #H ,

â �ã� , â �ã� ��� ,
â �ã� � , â � ã| ,â �ã�%$ � ,

â �ã& , â �� and
â �" areassumedindependentand inversegamma(IG) distributedwith parameters

respectively equalto
� ÿ'�(�) *+ 
 ÿ , (�) *+ �U
hJhJ�J�
�� ÿ' ( )- 
 ÿ, ( )- � . Theseparametersarefixedandmustbespecified.

Thebasicapproachnow is to startout from observations:� Ý� 
 � �$A¦
hJhJhJ�
/*/. �=�$A¦
hJ�JhJ�
 ~ J
Here

~
is thenumberof spatiallocationson thegrid. Theseobservationsarethenusedto find thecor-

respondinguncertainty, measuredby posteriorprobabilitydistributions,in thesystemstatevariables:Ü Ý� 
 � �$A¦
hJ�JhJ�
�*/. ���$A¦
hJhJ�J:
 ~ J
Finally, wearrive atpredictionson:Ü Ý� 
 � �l*�T÷A¦
/*�T Nq
hJhJhJ0. �=��AM
�JhJhJ:
 ~� Ý� 
 � �l*�T÷A¦
/*�T Nq
hJhJhJ0. �=��AM
�JhJhJ:
 ~
Detailson thesimulationapproacharegivenin Section3.3andin theAppendix.

3.2 IMPLEMENTATION

As hasalreadybeenpointedout our model and simulationapproachis very parallel to the one of

Wikle, Berliner andCressie(1998). Their atmosphericdatasetof monthly maximumtemperatures

covered20 years(1974–1993)measuredat 131stations.Hence,in our notation
* �BN�ªEC

,
~ �½A £ A .

With this sizeof the datasetthey hadno problemswith the implementationof the Gibbssampling.

It shouldbementionedthat they usedanexploratorydataanalysisto assessthefixedparametersthat

mustbespecifiedin theprior distributions.Thismeansthatthedatasetis usedtwice,bothàpriori and

àposteriori,which is not in accordancewith astrict Bayesianapproach.
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For our earthquake catalogfrom SouthernCalifornia(seeFig. 1) we suggeststartingout in 1932with

non-informative prior distributionsandrun theGibbssamplingfor datauntil andincluding1970;i.e.

covering39 years.We thenusetheposteriordistributionsbasedon this run astheprior distributions

in the next run startingout in 1971 covering 25 yearsuntil and including 1995. Then we usethe

posteriordistributionsfrom thesecondrun to make earthquake predictionsfor 1996,1997,1998and

1999.Thesepredictionsarethencomparedwith theobservedearthquake datafor thesameyears.

To makethedatasetmanageablewesuggestasastartadistancebetweentimepointsfor thefirst runto

beamonth,giving
* � �$A¨N21 £ °<�`ª ¥ ± , andhalf amonthfor thesecondrun,giving

* � �ÅN�ª31/N¦§�� ¥ C¦C .
We alsosuggeststartingout droppingthedepthdimensionandconsidera grid of

~ �mNM§3�N¦§V� ¥ N¦§
planarlocationswith distancebetweennearestgrid pointsequalto 20 kilometer. Furthermore,asa

startwe suggestdroppingthe long term contribution
Ü.Ýì � � � in (11) sincethis is the mostspeculative

onedueto theneedof assessing,Û Ý , theperiodof thelong termcycle at spacelocation
�
. Finally, for

simplicity wesuggeststartingoutwith adetectionlimit of
æQ�

M4.0 for thefirst runand
æ3�

M3.0 for

thesecondrun dueto improveddataquality.

3.3 SIMULATION

As in Wikle, Berliner andCressie(1998)the Markov chainMonte Carlo simulationtechniqueto be

usedis Gibbssampling;seeCasellaandGeorge(1992)andGilks etal. (1996).With genericnotation,

let 45 bean
~ ®A

vectorof therandomquantities
à Ý

,
�À� AM
�JhJhJ:
 ~

. Also following Wikle, Berliner

andCressie(1998)for random6 and 7 , let
þ 6 4�7 � representtheconditionaldensityof 6 , given 7 .

Furthermore,let 8 , beour initial prior informationat � �÷C , andlet 8 ��� � 49Á�/
 49Á� D � 
hJ�JhJ�
 49 � 
 8 ,�� .
Our first aim is to getsamplesfrom theposteriordistribution

þ 4: � 
hJhJhJ:
 4: �{4�8�� � . Suchsamplesfollow

immediatelyby taking out samplesof
� 4: � 
�JhJhJ:
 4: � � from samplesfrom the correspondingposterior

distribution of all randomquantitiesinvolvedin themodeluntil � �;* . To arrive at thelattersamples

by Gibbssamplingfull conditionaldistributionsof any randomquantity, givenall theotherand 8�� , are

needed.In general,full conditionaldistributionsaredeterminedby writing the full joint distribution

of all randomquantitiesandthe observations,divided by the appropriatenormalizingconstants.In

hierarchicalmodels,suchastheonedealtwith in thepresentpaper, thisprocessis typically simplified
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dueto thevariousconditionalindependenceassumptionsthataremade.In particular, all components

of thefull joint distribution thatdonotdependon thespecificrandomquantity, whosefull conditional

distribution is considered,“cancel” from thenumeratoranddenominatorof thelatterdistribution. The

derivationsin Wikle, BerlinerandCressie(1998)andin thepresentpaperbegin aftersuchsimplifica-

tions.

Having samplesfrom theposteriordistributionof all randomquantitiesin themodeluntil � �`* , given8�� , samplesof the additionalrandomquantitiesat � �X*÷T�A
arearrived at by applying(11)–(14).

Especially, we getsamplesof 4: �<; � , which canbeusedfor prediction. Furthermore,having samples

of 4: �<; � alongwith samplesof
â � #H , samplesof 49 �<; � arearrived at by applying(10). Again these

samplescanbeusedfor prediction.Proceedinglike this samplesof 4: � , 49 �
, � �`*øT N�
�*�T £ 
hJhJhJ are

arrivedat.

Since,as in Wikle, Berliner andCressie(1998)we have chosenGaussiandistributionswith conju-

gatepriors, the derivation andimplementationof the full conditionaldistributionsneededfor Gibbs

samplingaremostlystraightforward.Oneexceptionconcernsthefull conditionaldistribution for each

of the Markov RandomField spatialdependenceparameters
ö ä � ë 
pö d � = 
ö?> � @ 
 I ä � ë 
 I d � = 
 I > � @ . Ex-

actly, asin thelatterpaperweemploy aMetropolis-Hastingsstepin theGibbssampling;seeChiband

Greenberg (1995)andGilks (1996). In theAppendixall thesefull conditionaldistributionsaregiven

andimplemented.Furthermore,dueto theGaussiandistributions,theantitheticcouplingof two Gibbs

samplingchainsgivenin Frigessi,GåsemyrandRue(2000)couldbeappliedto increasethespeedof

thealgorithm.

To illustrate the derivations of the full conditionaldistributions, we will considerthe onesof 4: � ,� ��AM
�JhJhJ:
/*
, 4: ë � � , � ��Cq
�JhJhJ:
/*

and
â �#H . Theseare the mostchallengingonesdue to the appar-

ent complex relations(10) and(13), which arekey relationsin our earthquake predictionmodeling.

Thegenericnotation
þBA 4 1 � is usedto representthefull conditionaldistributionof

A
givenall theother

randomquantitiesuntil � �`* , and 8�� .

We startby establishing
þ 4: � 4 1 � , � � A¦
hJ�JhJ�
�*

. Let C be the cumulative distribution function of the
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àá��Cq
�A¨�
distribution andletàEDM� Ü Ý� 
pâ �#H �R�÷ås�)� Ý� �÷CE� C �p��æ y Ü Ý� ��x�â #H ��T�å-��� Ý� ©;æ%�/à{� Ü Ý� 
pâ �#H �

bethemixturedistributionhavingaprobabilitymassC �p�)æ y Ü Ý� �px�â #H � in 0 anda
àá� Ü Ý� 
pâ �#H � contribution

for valuesnot lessthan
æ
. From(10)wehaveþ 49Á� 4 4: �/
pâ �#H � Ä ë�Ý � � àED¦� Ü Ý� 
pâ �#H ��
 � �$A¦
Nq
hJhJ�J

Furthermore,from (11)wehaveþ 4: � 4 4F 
 4: ë � � ��
 4: ë � �/
 4: ì � � ��
pâ �ã� � Ä ë�Ý � � àá�	ê Ý T Ü Ýë � � � T Ü Ýë � � T Ü Ýì � � � 
pâ �ã� ��
 � �$A¦
Nq
hJhJhJ
By standardalgebraicmanipulations,we thenget, � �$A¦
hJhJhJ:
/*

:þ 4: � 4 1 � ?Bþ 49Á� 4 4: ��
pâ �#H � þ 4: � 4 4F 
 4: ë � � ��
 4: ë � �/
 4: ì � � ��
pâ �ã� �? ë�Ý � � þ¯å-��� Ý� �ÅCP� C ����æ y Ü Ý� �px�â #H ��T�å-��� Ý� ©Åæ%�Gtvu�w�� y ��� Ý� y Ü Ý� � � x�NMâ �#H �px��HG N�� â #H � ��þ tvu�wz� y � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � y Ü Ýì � � � � � x�NMâ �ã� � �? ë�Ý � � þ¯å-��� Ý� �ÅCP� C ����æ y Ü Ý� �px�â #H �Etvu�w�� y � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � y Ü Ýì � � � � � xMNMâ �ã� �T0ås�)� Ý� ©Åæ%�EthuGw�� y � Ü Ý� � � �/A.x�â �#H T÷A.x�â �ã� �px�NP�Gtvu�w:� Ü Ý� ��� Ý� x�â � #H TÅ�	ê Ý T Ü Ýë � � � T Ü Ýë � � T Ü Ýì � � � ��x�â �ã� � �? ë�Ý � � þ¯å-��� Ý� �ÅCP� C ����æ y Ü Ý� �px�â #H �Etvu�w�� y � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � y Ü Ýì � � � � � xMNMâ �ã� �T0ås�)� Ý� ©Åæ%��àá����A.x�â � #H TlA.x�â �ã� � D � ��� Ý� x�â �#H TÅ�	ê Ý T Ü Ýë � � � T Ü Ýë � � T Ü Ýì � � � ��x�â �ã� �U
���A.x�â � #H TlA.x�â �ã� � D � � �
Note that this result implies that

Ü Ý�
,
� � A¦
hJhJ�J:
 ~

areconditionally independentgiven all random

quantitiesexceptfor 4: � , and 8�� .

Since no explicit expressionfor C �p��æ y Ü Ý� ��x�â #H � exists, a normalizing constant for the case� Ý� ��C
cannotbefound. Hence,this is not a straightforwarddistribution to samplefrom. However,C ����æ y Ü�Ý� ��x�â #H � can be computednumericallyby a standardroutine and hencewe can employ a

Metropolis-Hastingsstepin the Gibbs sampling. As a proposaldistribution we usethe one above

correspondingto
æ�� yJI , i.e. with no truncationin (10),which is just a productof normaldistribu-

tions.
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A probablybettermethodfor eachcase
� Ý� �÷C

hasbeensuggestedby ourcolleagueJørundGåsemyr.

Firstdraw afictitiousearthquakemagnitude,K Ý� , from theconditionaldistributionof suchamagnitude

lessthanthedetectionlimit. Secondly, draw a
Ü Ý�

from thesamenormaldistribution usedfor thecase� Ý� ©;æ
, but with

� Ý�
replacedby K Ý� .

Wenext turn to
þ 4: ë � � 4 1 � , � �$A¦
hJhJhJ:
�* y A . From(11)and(13)wehaveþ 4: ë � � 4 1 � ?Bþ 4: � 4 4F 
 4: ë � � ��
 4: ë � �/
 4: ì � � �/
â �ã� � þ 4: ë � � ; � 4 4: ë � ��
 4L � 
 49 �/
pâ �ã� � � þ 4: ë � � 4 4: ë � � D � 
 4L � D � 
 49Á� D � 
pâ �ã� � �? ë�Ý � � þ thuGwz� y � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � y Ü Ýì � � � � � xMN�â �ã� �Àtvu�w�� y � Ü Ýë � � ; � y � Ü Ýë � � T{6 Ý� �(ås�)� Ý� �÷CE�p� � xMNMâ �ã� � �Àtvu�w�� y � Ü Ýë � � y � Ü Ýë � � D � T{6 Ý� D � �/ås�)� Ý� D � �ÅCP�p� � xMNMâ �ã� � � �? ë�Ý � � thuGw�� y � Ü Ýë � � � � �/A.x�â �ã� TÅ��ås�)� Ý� �÷CE��T÷A.��x�â �ã� � ��xMNÀtvu�w�� Ü Ýë � � þ � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýì � � � �px�â �ã� TÅ��å-��� Ý� �ÅCP�v� Ü Ýë � � ; � y 6 Ý� �T�å-��� Ý� D � �÷CE�U� Ü Ýë � � D � T®6 Ý� D � �p��x�â �ã� � � �Ä ë�Ý � � à{�NMÜ Ýë � � 
pâ �� ���� i ��
 whereâ ������� i �ô�/A.x�â �ã� T÷��ås�)� Ý� �÷CE��T÷A¨�px�â �ã� � � D �MÜ Ýë � � �÷â �� ���� i þ � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýì � � � ��x�â �ã� T÷��ås�)� Ý� �÷CE�U� Ü Ýë � � ; � y 6 Ý� �T0ås�)� Ý� D � �÷CE�U� Ü Ýë � � D � T®6 Ý� D � ���px�â �ã� � �

Similarly, weget: þ 4: ë � �¼4 1 � Ä ë�Ý � � à{� MÜ Ýë � � 
pâ ������� � ��
 whereâ ������� � �ô�/A.x�â �ã� T÷A.x�â �ã� � � D �MÜ Ýë � � �÷â �� ���� � þ�� Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýì � � � ��x�â �ã� T�ås�)� Ý� D � �ÅCP�v� Ü Ýë � � D � T{6 Ý� D � �px�â �ã� � �þ 4: ë � , 4 1 � Ä ë�Ý � � àá�NMÜ Ýë � , 
pâ �� ���� � �í
 whereâ ������� � ����A¨x�â �ã� � T÷A¨x ÿâ ������� � � D �MÜ Ýë � , �÷â �� ���� � þ � Ü Ýë �5� y 6 Ý, �px�â �ã� � T ÿÜ Ýë � , x ÿ â �� ���� � �
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þ 4: ë � � 4 1 � , � �½C%
hJhJ�J�
/*
arestraightforward to samplefrom. Again notethat

Ü Ýë � � , �`��AM
�JhJhJ:
 ~
are

conditionallyindependentgivenall randomquantitiesexceptfor 4: ë � � , and 8�� .

Wefinally consider
þ5â � #H 4 1 � . From(10)wehave:þ¯â �#H 4 1 � ? �� �Î� � þ 49Á� 4 4: �/
pâ � #H � þ5â � #H 4 ÿ' (�) *+ 
 ÿ, (�) *+ �? �� �Î� � ë�Ý � � þ¯ås�)� Ý� �÷CE� C ����æ y Ü Ý� ��x�â #H �:T�ås�)� Ý� ©Åæ%�EthuGw�� y ��� Ý� y Ü Ý� � � xMNMâ �#H ��xq� G N�� â #H � �®��A.x�â � #H �HOPRQ ) *+ ; � tvu�w�� y A¨xq� ÿ , (S) *+ â �#H �p�

Thisis obviouslynotstraightforwardto samplefrom. Againwecanemploy aMetropolis-Hastingsstep

in the Gibbssamplingwith proposaldistribution equalto the oneabove correspondingto
æá� yJI ,

which in fact is
åUTQ� ~ *ÇxMN�T ÿ'�(S) *+ 
¨þ �V�Î� � ëVÝ � � �)� Ý� y Ü Ý� � � xMN T A.x ÿ , (S) *+ � D � � . However, herethesuggestion

of JørundGåsemyrseemsjust excellent. For each
� Ý� � C

, just usethealreadydrawn fictitious K Ý� .

Thendraw a
â �#H from theinversegammadistribution above,but with

� Ý�
replacedby K Ý� everywhere

where
� Ý� �÷C

.

4 CONCLUDING REMARKS

We have in this report introducedtwo different stochasticmodelsfor earthquake occurrence,both

focusingon the spatio-temporalinteractionsbetweenearthquakes. Both modelsemploy Bayesian

updatingof prior distributions for all parametersof the models,while empirical dataare usedfor

deriving posteriordistributions. Thefirst modelis a markedpoint processmodelin which individual

earthquakesarerepresentedby their magnitudesandlocationsin spaceandtime. In thesecondmodel

the earthquakesare representedaspotentialson a grid. At the currentstagewe have implemented

analgorithmfor simulatingearthquakesonly for thefirst model. This hasbeenfairly straightforward

becauseof theexplicit representationof eachearthquake in this model. An algorithmfor simulations

from thesecondmodelis plannedandwill bepresentedin a futurereport.
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APPENDIX: THE FULL CONDITIONAL DISTRIBUTIONS IN THE HIERARCHICAL

BAYESIAN SPACE-TIME MODEL

In thisAppendixwegive thefull conditionaldistributionsneededfor Gibbssamplingin thehierarchi-

cal Bayesianspace-timemodel. Rememberthat
þ 4: � 4 1 � , � �ÖA¦
hJhJ�J:
/*

,
þ 4: ë � � 4 1 � , � � C%
hJhJ�J:
/*

andþ¯â �#H 4 1 � aregiven in Section3.3. Completelyparallelto thedeductionof
þ 4: ë � � 4 1 � , � �ôC%
hJhJhJ:
�*

, we

get þ 4: ì � � � 4 1 � Ä ë�Ý � � à{�NMÜ Ýì � � � 
pâ �� �$ �W� i �U
 � �÷C%
hJ�JhJ�
�* 

whereâ ����$ �W� i ����A¨x�â �ã� TÅ���p�X	�����)N��:x Û Ý ��� � TlA.�px�â �ã� $ � TÅ�Y����:��N���x Û Ý �p� � x�â �ã& � D � 
 � ��AM
�JhJhJ:
/* y AMÜ Ýì � � � �÷â ����$ �W� i þ�� Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � �px�â �ã� TÅ�Y	���¨��N���x Û Ý �U� Ü Ýì � � � ; � y ������)N��:x Û Ý ��� Ý� �TZ	N�?¨�)N[��x Û Ý � Ü Ýì � � � D � T�����:�)N[��x Û Ý ��� Ý� D � �px�â �ã�%$ �y ����:�)N��:x Û Ý �U�X� Ý� ; � y 	���¨��N���x Û Ý �H� Ý� �px�â �ã& � 
 � ��AM
�JhJhJ:
/* y Aâ �� �$ �W� � �ô�/A.x�â �ã� T÷A.x�â �ã�%$ � � D �MÜ Ýì � � � �÷â ����$ �W� � þ � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � ��x�â �ã�T �Y	���¨��N���x Û Ý � Ü Ýì � � � D � T\�������N���x Û Ý �H� Ý� D � ��x�â �ã�]$ � �â �� �$ �W� � �����p�X	�����)N��:x Û Ý �p� � x�â �ã�]$ � T÷�Y������)N��:x Û Ý �p� � x�â �ã& T÷A.x ÿ â �� �$ �W� � � D �MÜ Ýì � � , �÷â ����$ �W� � þ^	���¨��N���x Û Ý �v� Ü Ýì � �¯� y ����:��N���x Û Ý ��� Ý, �px�â �ã�%$ �y ����:�)N��:x Û Ý �U�X� Ý � y 	���¨��N���x Û Ý ��� Ý, �px�â �ã& T ÿÜ Ýì � � , x ÿ â �� �$ ��� � �
Wenow turn to

þ 4: ë � � � 4 1 � , andfollowing Wikle, BerlinerandCressie(1998),write (12) in theform4: ë � � ���
_ 4: ë � � � D � T 4ß : ë � � �
Here

_
is an

~  ~
diagonalmatrix with six off diagonalsgivenby thenearestneighborparametersö ä 
pö d 
ö ë 
pö = 
pö?>[
pö @ anda main diagonalcontaining 4` . For edgesites,someof the off-diagonals

have correspondingzeros.Completelyparallelto thedeductionof (A.8), (A.10) and(A.12) in Wikle,

BerlinerandCressie(1998),wegetþ 4: ë � � � 4 1 � Ä àá� 4M: ë � � �/
�acbd ���W� i �U
 � �÷C%
hJhJhJ:
/* 
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where a bd ���W� i �ô�Ye:x�â �ã� TÅ�Y_ � _ T�e��px�â �ã� ��� � D � 
 � �$A¦
hJhJhJ:
/* y A4M: ë � � ���fagbd ����� i þ�� 4: � y 4F y 4: ë � � y 4: ì � � ���px�â �ã� TÅ�X_ � 4: ë � � � ; � T�_ 4: ë � � � D � ��x�â �ã� ��� �agbd ���W� � ����A.x�â �ã� TlA.x�â �ã� ��� � D � e4M: ë � � � �fagbd ���W� � þ�� 4: �Yy 4F y 4: ë � �Yy 4: ì � � � �px�â �ã� TÅ�X_ 4: ë � � � D � ��x�â �ã� ��� �
Let

ÿagbd ����� � bethediagonalmatrix containing 4ÿh � ����� ��
. Thenagbd ���W� � ���Y_ � _�x�â �ã� ��� T ÿa D �bd ���W� � � D �4M: ë � � , �facbd ���W� � �Y_ � 4: ë � �¯� x�â �ã� ��� T ÿa D �bd ���W� � 4ÿ : ë � � ,v�

Wenext turn to
þ 4i � 4 1 � , þ 4L � 4 1 � and

þ 4L 4 1 � :þ 4i � 4 1 � Ä ë�Ý � � àá� M� Ý� 
â �& �i �U
 � �÷C%
hJ�JhJ�
�* 

wherefor � �$A¦
hJ�JhJ:
/* y Aâ �& �i ���p�j�������N���x Û Ý ��� � x�â �ã�]$ � TÅ���X	���¨��N���x Û Ý �p� � T÷A¨�px�â �ã& � D �M� Ý� �÷â �& �i þ ������)N���x Û Ý �U� Ü Ýì � � � ; � y 	���¨�)N[��x Û Ý � Ü Ýì � � � �px�â �ã�%$ �T8�Y	N�?¨�)N[��x Û Ý �v�Y� Ý� ; � T�����:�)N[��x Û Ý � Ü Ýì � � � � y �������N���x Û Ý � Ü Ýì � � � D � T�	N�?¨�)N[��x Û Ý ��� Ý� D � �px�â �ã& �â �& �� �÷â �ã&M� Ý� � y ����:��N���x Û Ý � Ü Ýì � � � D � T�	���¨�)N���x Û Ý �H� Ý� D �â �& �� ���p�j�������N���x Û Ý ��� � x�â �ã�]$ � TÅ�Y	N�?¨�)N[��x Û Ý �p� � x�â �ã& T÷A.x ÿâ �& �� � D �M� Ý, �÷â �& �� þ ������)N���x Û Ý �U� Ü Ýì � �¯� y 	�����)N���x Û Ý � Ü Ýì � � , ��x�â �ã� $ �TZ	�����)N��:x Û Ý �v�Y� Ý � T\����:�)N��:x Û Ý � Ü Ýì � � , ��x�â �ã& T ÿ� Ý, x ÿ â �& �� � 
þ 4L � 4 1 � Ä ë�Ý � � àá� M6 Ý� 
pâ �| �i �k
 � �÷C%
hJhJhJ:
/* 


28



wherefor � �$A¦
hJ�JhJ:
/* y Aâ �| �i ����ås��� Ý� �÷CE�px�â �ã� � T÷��ås�)� Ý� �÷CE��T÷A¨�px�â �ã| � D �M6 Ý� �Åâ �| �i þ5ås�)� Ý� �ÅCP�v� Ü Ýë � � ; � y Ü Ýë � � �px�â �ã� � TÅ��ås�)� Ý� �ÅCE��6 Ý� ; � T®6 Ý T÷�	6 Ý� D � y 6 Ý �/ås��� Ý� D � �÷CE���px�â �ã| �â �| �� �÷â �ã|M6 Ý� ���	6 Ý TÅ�+6 Ý� D � y 6 Ý �/ås�)� Ý� D � �ÅCE�p�â �| �� ����A¨x�â �ã� � T N¦x�â �ã| � D �M6 Ý, �Åâ �| �� þ�� Ü Ýë �¯� y Ü Ýë � , �px�â �ã� � T÷�	6 Ý� T®6 Ý ��x�â �ã| � 
þ 4L 4 1 � Ä ë�Ý � � à{� M6 Ý 
pâ �| � �k
 where

â �| � ��� �b �!�q, å-��� Ý� D � ©Åæ%��x�â �ã| TlA.x ÿ â �| � � D �M6 Ý �÷â �| � þ �b �!�q, ås��� Ý� D � ©;æ%��6 Ý� x�â �ã| T ÿ6 Ý x ÿ â �| � �
Next consider

þ 4F 4 1 � and
þ 4F , 4 1 � . Parallel to (16) of Wikle, BerlinerandCressie(1998)we have from

(15) þ 4F 4 4F , 
 I ä � ë 
 I d � = 
 I > � @ 
pâ �� � Ä àá� 4F , 
��Xe ylk F � D � â �� ��

where k F is a symmetric

~  ~
matrix with six off-diagonalsgivenby I ä � ë 
 I d � = 
 I > � @ (seeCressie

1993,p. 434). Completelyparallelto the deductionof (A.14) in Wikle, Berliner andCressie(1998)

weget þ 4F 4 1 � Ä àá� 4MF 
ma bn ��

where aZbn ���p�Ye ylk F ��x�â �� T�es* x�â �ã� � D �4MF �faZbn þ �Xe y�k F � 4F , x�â �� T �b �Î� � � 4: � y 4: ë � � � y 4: ë � � y 4: ì � � �)�px�â �ã� �
As analternative, thefastandexactsimulationalgorithmfor generalGaussianMarkov RandomFields

givenin Rue(1999)couldbeappliedto arrive at
þ 4F 4 1 � .
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Let
ÿaZbn � bethediagonalmatrix containing 4ÿh � �� . Thenþ 4F , 4 1 � Ä àá� 4MF , 
�aZbn � ��


where a bn � ���p�Ye y�k F �px�â �� T ÿa D �bn � � D �4MF , �fa bn � þ��Ye ylk F � 4F x�â �� T ÿa D �bn � 4ÿF , �
Wenow consider

þ 4` 4 1 � and
þ 4` , 4 1 � . As in Wikle, BerlinerandCressie(1998)let

_ " bethe
_

matrix

with zerosonthemaindiagonalinsteadof 4` andlet
: ë � � � D � bethediagonalmatrixcontaining 4: ë � � � D � .

Also definek " completelyparallelto k F with I ä � ë 
 I d � = 
 I > � @ replacedby
ö ä � ë 
pö d � = and

ö?> � @ . Then

completelyparallelto (A.28) of thelatterpaper, correctingfor amisprint,weget:þ 4` 4 1 � Ä àá� 4M` 
maobp �]

where aqbp ���p�Xe y�k " �px�â �" T �b �!� � : ë � � � D � : ë � � � D � x�â �ã� ��� � D �4M` �faobp þ �Xe ylk " � 4` ,vx�â �" T �b �Î� � � 4: ë � � � y _ " 4: ë � � � D � ��� : ë � � � D � x�â �ã� ��� �
Again, thealgorithmof Rue(1999)couldbeappliedto arrive at

þ 4` 4 1 � . þ 4` , 4 1 � is identicalto
þ F , 4 1 �

by everywherereplacing
ê

and I by
ö
.

Turning to
þ¯ö ä 4 1 � , þ5ö d 4 1 � , þ¯ö ë 4 1 � , þ¯ö = 4 1 � , þ¯ö?> 4 1 � and

þ¯ö @ 4 1 � , we considerthefirst onesincethe

resultsfor therestarecompletelyparallel.As in Wikle, BerlinerandCressie(1998)let
_ "�r bethe

_
matrixwith zerosontheoff-diagonalof

ö ä ’s, let s "�r bean
~  ~

matrixwith onesontheoff-diagonal

of
ö ä ’s andzeroselsewhereandlet 4: "�rë � � � D � � s " r 4: ë � � � D � . Thencompletelyparallelto thededuction

of (A.31) of thelatterpaper, againcorrectingfor amisprint,wegetþ5ö ä 4 1 � Ä àá� Mö ä 
pâ �" r ��
 where
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â �"�r �ut �b �Î� � � 4: "�rë � � � D � ��� 4: "�rë � � � D � x�â �ã� ��� T÷A¨x ÿâ �"�rwv D �Mö ä �÷â �"�r
x �b �Î� � � 4: ë � � � y _ " r 4: ë � � � D � ��� 4: "�rë � � � D � x�â �ã� ��� T ÿ ö ä x ÿ â �"�rzy
The Markov RandomField spatialdependenceparameters

ö ä � ë , ö d � = ,
ö?> � @ , I ä � ë , I d � = , I > � @ have

alreadybeencommentedon in Section3.3.Weconsiderthefirst onesinceagain theresultsfor therest

arecompletelysimilar. Parallelto (A.32) of Wikle, BerlinerandCressie(1998),wehaveþ5ö ä � ë 4 1 � ? 4 �Ye ylk " � D � 4 D � Æ � tvu�w�� y � 4` y 4` ,h� � �Xe y�k " �v� 4` y 4` ,h��xMNMâ �" �3tvu�w�� y ��ö ä � ë y ÿ ö ä � ë � � xMN ÿ â �"�r � � �]

where

ö ä � ë is on two of the six off-diagonalsof k " . The presenceof
ö ä � ë in the determinantterm

makesthisadifficult distributionto samplefrom. Insteadasin thelatterpaperweemploy aMetropolis-

Hastingsstepin theGibbssamplingwith thefollowing proposaldistribution:þ5ö�{[|~}Y�����ä � ë 4 1 � Ä àá� Mö�{�|�}Y�����ä � ë 
pâ �"��m�����R�R�r � � ��

where

â �"��������]�R�r � � ��t ëb Ý � � ��ö ä c Ý e y ö ä c Ý e, Tøö ë c Ý e y ö ë c Ý e, � � x�â �" T÷A.x ÿ â �"�r � � v D �Mö {�|�}Y�����ä � ë �÷â �" �������]�R�r � � � ëb Ý � � ��ö ä c Ý e y ö ä c Ý e, Tøö ë c Ý e y ö ë c Ý e, �È��ö Ý y ö Ý, y ö d � = ��ö d>c Ý e y ö d>c Ý e, T�ö = c Ý e y ö = c Ý e, �y ö?> � @ ��ö > c Ý e y ö > c Ý e, Tøö @ c Ý e y ö @ c Ý e, �p��T ÿ ö ä � ë x ÿ â �"�r � ���
NotethatwhenconsideringI ä � ë 
 I d � = and I > � @ theserandomquantitiesarereplacing

ö ä � ë , ö d � = andö?> � @ , whereasotherwise
ö

is replacedby
ê

.

What is left arethe remainingvariancesandwe get completelyparallel to the deductionsin Wikle,
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BerlinerandCressie(1998):þ¯â �ã� 4 1 � Ä å�T��� ~ *ÇxMN T ÿ' ( )�� 
 x �b �!� � ëb Ý � � � Ü Ý� y ê Ý y Ü Ýë � � � y Ü Ýë � � y Ü Ýì � � � � � x�NÈTlA.x ÿ , ( )�� y D ����þ¯â �ã� ��� 4 1 � Ä åUT � ~ *ÇxMN T ÿ' ( )�� ��� 
 � �b �Î� � ëb Ý � � � Ü Ýë � � � y ö Ý Ü Ýë � � � D � y ö ä Ü ä c Ý eë � � � D � y ö d Ü d>c Ý eë � � � D �
y ö ë Ü ë c Ý eë � � � D � y ö = Ü = c Ý eë � � � D � y ö?> Ü > c Ý eë � � � D � y ö @ Ü @ c Ý eë � � � D � � � xMNÇTlA.x ÿ , ( )�� ��� � D � �þ¯â �ã� � 4 1 � Ä åUT�t ~ *ÇxMN T ÿ' (�)�� � 
 � �b �!� � ëb Ý � � � Ü Ýë � � y � Ü Ýë � � D � T{6 Ý� D � �/ås�)� Ý� D � �ÅCP�p� � xMNÇT÷A.x ÿ , (�)�� � � D � vþ¯â �ã| 4 1 � Ä åUT��� ~ *ÇxMN T ÿ'�(�)�� 
 x �b �!� � ëb Ý � � �	6 Ý� y 6 Ý y �	6 Ý� D � y 6 Ý �(å-��� Ý� D � �÷CE�p� � xMNÇT÷A¨x ÿ , (�)�� y D � ��þ¯â �ã�]$ � 4 1 � Ä åUT � ~ * xMNÇT ÿ'N(S)�� $ � 
 � �b �Î� � ëb Ý � � � Ü Ýì � � � y 	�����)N��:x Û Ý � Ü Ýì � � � D �
y ����:��N���x Û Ý ��� Ý� D � � � xMN T÷A.x ÿ , (�)�� $ � � D � �

þ¯â �ã& 4 1 � Ä åUT � ~ *ÇxMN T ÿ'�(�)�� 
 � �b �!� � ëb Ý � � �X� Ý� T�����:��N���x Û Ý � Ü Ýì � � � D � y 	���¨��N���x Û Ý ��� Ý� D � � � x�NÈTlA.x ÿ , (S)�� � D � �þ¯â �� 4 1 � Ä å�T3� ~ xMNÇT ÿ' ( )� 
¨þ � 4F y 4F , � � �Xe ylk F �v� 4F y 4F , ��xMNÇT÷A.x ÿ , ( )� � D � �þ¯â �" 4 1 � Ä åUTQ� ~ xMN T ÿ' ( )- 
¨þ � 4` y 4` ,h� � �Xe y�k " �v� 4` y 4` ,v��xMNÇT÷A.x ÿ , ( )- � D � �
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