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SUMMARY

We presenta new techniquefor computingthe effective permeabilityon a coarsescale. It is
assumedthatthepermeabilityis givenatafinescaleandthatit is necessaryto reducethenumber
of blocksin thereservoir model.

Traditionalupscalingmethodsdependon local boundaryconditions.It is well known that this
approachmayintroducelargeerrorsin thecoarsemodel.Thenew methodisapplicablewhenever
theselocal methodsfail to producean acceptablepermeabilityfield, e.g. upscalingof blocks
closeto wells andcasesinvolving heterogeneitieson thecoarsegrid block scale.In suchcases,
it is impossibleto computeaneffectivepermeabilitybasedon localobservationsof thepressure
andvelocity fields. Thepropertiesof thecoarsereservoir modelwill simply dependheavily on
theglobalflow pattern.

Thebasicideabehindthenew methodis to try to minimisetheglobalerrorsintroducedin the
pressureand velocity fields by the upscalingprocess. This approachto upscalingpossesses
several desirableproperties. More precisely, the total massflux over eachcoarsegrid block
interfaceis preservedon thecoarsemesh.This leadsto very accurateproductionandinjection
ratesin thewells for thecoarsemodel. Moreover, theassociatedminimisationproblemcanbe
solved very efficiently. Traditional,andcomputationalexpensive, optimisationalgorithmsare
notneeded.However, thesolutionof thefinescalepressureequationis required.It turnsout that
theCPU-timeneededby thenew globalschemeis comparableto thatneededby thetraditional
local methods,provided that modernnumericalmethodsfor elliptic differentialequationsare
applied.

Finally, theperformanceof thenew schemeis illustratedby anumericalexperiment.

1. INTRODUCTION

Thelast two decadesit hasbecomeusualto modelthepermeabilityin a reservoir at a very fine
scale,a scalemuchfiner thanit is possibleto usein a reservoir simulator. Hence,it is necessary
to find effectivepropertiesonacoarserscale.However, effectivepropertiesareonly well-defined
if theseparationof scaleconditionis satisfied.This is usuallynot thecase.Traditionalupscaling
methodscomputeblockeffectivevaluesof thepermeabilitybasedon localboundaryconditions,
cf. e.g. [1] and [2]. We will show that theseblock effective valuesdependheavily on the
boundaryconditions.

In this papera differentapproachfor upscalingis studied. The upscalingproblemis formu-
latedasa minimisationproblem.Theupscaledpermeabilityis definedasthepermeabilitythat
minimisesthedifferencebetweenthepressureandthevelocity fieldsgeneratedby thefine and
coarsescalepressureequations,respectively. By applyingthis approach,it is not necessaryto



make any assumptionson local boundaryconditions. Moreover, we presentan effective algo-
rithm for solvingtheminimisationproblem.However, theapproachrequiresthesolutionof the
fine scalepressureequation.Thesecomputationsarerepeatedeachtime theratesor saturations
havechangedconsiderably.

Themostefficient linearequationsolverstodayusecomputertime proportionalto the number
of unknowns,seee.g. [3]. Thus,thecomputingtime neededfor solvingonefine scalepressure
equation,definedon the entirereservoir, is comparableto the time neededby local upscaling
methodsfor solvingall of thefinescaleproblemson thecoarseblocks.

The methodcalculatesthe transmissibilitiesinsteadof the permeabilitiessincethis is a more
stableproblemandsinceit reducestheproblemwith irregulargrid blocksandfull permeability
tensors.

The methodis expectedto be applicablefor reservoirs wheretraditional local upscalingtech-
niquesfail. This is the casein reservoirs with large contrastsandbarriersor high permeable
zonesat thesizeof thecoarsescalegrid blocks. It hasalsobeenobservedthat local upscaling
methodsquiteoftenfail to handlethewell blocksproperly.

2. LOCAL UPSCALING METHODS; LACK OF UNIQUENESS

Definetheeffectivepermeabilityfor theboundarycondition
�
in direction� to be������	� 
����� ������ ���� �� ������ ��� � (1)

where��� � denotestheaverageovertheblock,
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is thefinescalepermeabilityfield,
� � �

denotes
thesolutionof thepressureequation �����! "
���������# �%$ � (2)

+ boundaryconditions,

in the coarseblock correspondingto boundarycondition
�

and
� � denotesthe unit vector in

direction � . Assumethat (2) hasbeensolved for two differentDirichlet boundaryconditions�'&� �)( & and
�+*� �)( * on theboundary. Let

�+,�
be the solutionof (2) obtainedby applyingthe

boundarycondition
�+,� �.- & ( &0/ - * ( * for someconstants- & and - * . Thenalsothesolutionwill
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By varying - & and - * � wemaygetany realvaluefor
� ,� , providedthat

� &�65� � *� � When
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is not
constantin thecoarseblock, it is possibleto find two differentvalues

� &� and
� *� � This shows

that the local upscalingproblemis not stable. More precisely, for any non-constantfine scale
permeability


��
andrealnumber7 , it is possibleto find aboundaryconditionwheretheeffective

permeabilitydefinedby (1) is equalto 7 .
However, the local effective permeabilitydefinedby (1) is stablewith respectto smallchanges
in theboundarycondition.This is animplicationof thatthepressuresolutionandhencealsothe
gradientof thepressureis acontinuousfunctionof theboundarycondition,cf. e.g.[4].



3. GLOBAL UPSCALING

Let

��

and
�+�

beasdefinedin theprevioussection,exceptthatthefieldsaredefinedin theentire
reservoir andtheboundaryconditionsaredefinedby thewells in additionto flux or pressureat
the borderof the reservoir. Thegravity forcesareneglected.TheassociatedDarcy velocity is
definedby 8 � �:9 
������� .
In this paperwe considertheproblemof finding a coarsescaledescriptionof the permeability
<;

suchthatthecorrespondingcoarsescalepressure
�=;

andvelocity 8 ; �>9 
<;?��=; aregood
approximationsof

���
and 8 � , respectively. Here,

�=;
is definedasthesolutionof thecoarsescale

pressureequation ���@�0 A
<;?��=; # ��$ � (3)

whereweapplythesameboundaryconditionsasin (2). Moreprecisely, for asuitablenorm B � B ,
we want to find


<;
thatminimises B �+� 9 �=;C "
<; # B and BD8 � 9 8 ;C "
<; # B (we write

�=;C "
<; #
and8 ;� "
<; # to emphasizethatthesefieldsarefunctionsof


E;
).

Thecoarsescalepermeability

<;

, definedby thisapproach,will dependheavily onthenorm B � B
wechoose.If theenergy norm

B �+� 9 �=; B *F �%GIH J K�+� 9 �=; # 
���� L�+� 9 �=; #NM�O
or inverseenergy norm(WOLSscheme)

BD8 � 9 8 ; B *F0PRQ �SGIH  8 � 9 8 ; # 
=T &�  8 � 9 8 ; #NM�O
is applied,thenit turnsout that it is not necessaryto solve thefine scalepressureequation(2)
in order to compute


<;
, cf. [5, 6]. However, asdiscussedin [6], the energy norm seemsto

generateresultscloseto thearithmeticmeanof thepermeability, andtheWOLS schemetendto
overestimatetheinfluenceof thelow permeablezoneson thecoarselevel.

A reasonableambitionon the coarsegrid for an accurateupscalingmethodshouldbe that the
pressurein eachcoarseblock U � is closeto theaveragefinescalepressure

��V
in U � , andtheflux

overeachcoarsegrid block interface W � is a goodapproximationof theaveragefineflux X V overW � . It turnsout thatminimisingthe Y * norms

B ��� 9 �+;� A
E; # B *Z\[ �SGIH  K�+� 9 �=; # * M�O (4)

and BD8 � 9 8 ;4 "
<; # B *Z\[ � G^]  _ 8 � 9 8 ; # �3` # * M<O (5)

give solutionsthatarecloseto
��V �ba � �Vdc � and X V �ea X �gf �V�c �gf � , respectively. Here, W represents

theunionof all theboundariesof thecoarsescalegrid blocks,
`

is theoutwardsdirectednormal
vectorto theseboundaries,and

� � � areblock indices(
� �V

is thepressurein block
�

and X �gf �V is the
flux from block

�
to block � ).



In order to minimise the functionalsgiven in (4) and (5), with respectto

<;

, it seemsto be
impossibletoavoidcomputingthefinescalepressure.Thisleadstoalargelinearequationsystem
wherethenumberof unknownsis thenumberof fine scaleblocks. However, themostefficient
linearequationsolverstodayusecomputertimeproportionalto thenumberof unknowns,seee.g.
[3]. Recallthat if local upscalingtechniquesareappliedthena fine scaleproblemis solvedon
eachcoarseblock, seee.g. [2]. Thus,theCPU-timeneededfor solvingonefine scalepressure
equation,definedon the entirereservoir, is comparableto the time neededby local upscaling
methodsfor solvingall of thefinescaleproblemson thecoarseblocks.

In afinite differencereservoir simulatorthepermeabilitiesareonly usedfor calculatingthetrans-
missibilities.Thus,wewill focusoncomputingtransmissibilitiesinsteadof permeabilitiesin the
algorithmpresentedbelow. Clearly,

� �V
and X �gf �V arereproducedon thecoarsegrid if thetransmis-

sibilitiessatisfytheequation h �gf �;  L���V 9 � � V # � X ��f �V � (6)

where
�
and� areneighbourblocksand

h �gf �;
representsthetransmissibilityof theassociatedblock

interface.Thisfollowseasilyfrom conservationof massandthediscretizedfineandcoarsescale
pressureequations(2) and(3), cf. [6].

With this notationat handour minimisationproblemcanbeformulatedasfollows; Let

h ��f �Z
and

h �gf �i begivenupperandlowerboundsfor

h ��f �;
.j * minimisation problem

For eachpair
� � � ofneighbouringcoarsegrid blocksfind

h ��f �; kml h ��f �Z �
h ��f �ion such that BD8 � 9 8 ;� h ; # B Z�[

is minimised,andof all solutionsthat minimisethis functional,minimise B �+� 9 �=;� h ; # B Z�[ � In
casebothfunctionalsare invariant for a transmissibility

h ��f �;
, set

h �gf �; �  h �gf �Z h �gf �i # &Apq* �
In view of thediscussionpresentedabove,anapproximatesolutionto this problemcanbecom-
putedby algorithm1.

Algorithm 1

1. Find thesolution
�+�

of thefine scalepressureequationandcomputetheassociatedDarcy
velocity 8 � �

2. Computethe Y * -projections
��V

and X V of
���

and X � ontothecoarsegrid.

3. For all pairsof neighbourblocks
� � � :

(a)

h �gf �&sr � X �gf �Vut  K� �V 9 � � VD# ,
whereX �gf � representsthemassflux from block

�
to block � .

(b) Set

h ��f �; kml h ��f �Z �
h ��f �i n suchthat v h �gf �; 9 h �gf �& v is minimised.

Hence,in step3 we try to find

h ��f �; kbl h �gf �Z �
h �gf �i n satisfying(6). If we can’t find any

h ��f �; kl h �gf �Z �
h �gf �i n satisfying(6) then

h �gf �;
is setequalto

h ��f �Z
or

h �gf �i .

For furtherdetails,moreaccuratealgorithmsandanalysesof theirperformancewereferto [6].

Thecalculatedtransmissibilitiesarecontinuouswith respectto theboundaryconditions.How-
ever, in thecaseof largechangesin theglobalboundarycondition,it is necessaryto recalculate
theeffective transmissibilities.



It ispossibleto generaliseto multiphaseflow by interpreting

��

astheproductof thepermeability
andtherelative permeability, see[6]. However, if largechangesin thesaturationsoccurit may
benecessaryto updatetheeffective transmissibilities.

4. A NUMERICAL EXPERIMENT

In this sectionwe will illustratetheperformanceof theupscalingtechniquepresentedabove by
a numericalexperiment.Thefine scalepermeabilitydatain this examplewasgeneratedby the
programpackagesFLUVIAL [7] andCONTSIM [8], developedat the Norwegian Computing
Center. Thesecommercialsoftwarepackages,usedby several oil companiesto modelfluvial
reservoirs,producerealisticinputdatasuitablefor flow simulators.

Weconsiderafluvial reservoir containing18channels,3 wells (oneinjectorandtwo producers),
andasandgrossof approximatelyw $<x . For simplicity, thepressurein theinjectorandproducers
wassetequalto y and $ �{z , respectively.

Thepermeabilitydatawasscaledupfrom a | $4} | $4} | $ uniformgrid to a y $4} y $4} y $ uniform
mesh.In additionto theglobalupscalingalgorithmdefinedabove,weappliedtheclassicallocal
method,introducedby WarrenandPricein [1], to computeupscaledpermeabilitydataon the
coarsegrid.

In the tablesbelow, the resultsobtainedby our global schemeand the classicalmethodare
referredto asGlobal upscalingandLocaleupscaling, respectively. Next, Projectionrefersto
the Y * projectionof the fine scalepressure(or velocity) onto the coarsegrid. Recall,that the
projectionof thepressure/velocity is thebestapproximationon thecoarsescaleof thefinescale
pressure/velocity. Hence,the error introducedin the pressurefield and the velocity field by
any upscalingschemewill alwaysbe larger thantheprojectionerror. Furthermore,anoptimal
upscalingtechniqueshouldgenerateerrorscomparableto theprojectionerror. Thereadershould
keepthis in mind throughoutthissection.

Table1 containstheprojectionerrorsandtheerrorsintroducedin thepressureandvelocityfield
by theupscalingmethodsdiscussedabove. Clearly, theglobalschemeprovidesalmostoptimal
results,in thesensethattheerrorsarecloseto theprojectionerrors.We observe thattheerrorin
thepressurefield is unacceptablefor thelocalmethod.

Algorithm ~ ��� T ����~�� [~ � � ~�� [ ~ ��� T ���<~�� [~ � � ~�� [
Projectionerror $ � $ |\������| z $ � � z $ z y�|
Globalupscaling $ � $ |��\����|\w $ � �\w\w\�<��w
Localeupscaling $ � $ �<���^y3��w |\w �{z �<�Iy

Table1: Relative errorin thepressureandvelocityfield.

Theseobservationsare confirmedby Table 2. Only relatively small errorsare introducedin
theproductionandinjectionratesby Algorithm 1, whereasthelocal methodfails to solve this
problem.

Similar resultshave beenobserved in a seriesof testproblems.Furtherdetailsandnumerical
experimentscanbefoundin [6].



Algorithm well 1 well 2 well 3
Finescale | � w $�$ 9 y � |\�^y 9 y � $ � $

Globalupscaling | � |\�<| 9 y � |\��| 9�$ � �<� $
Localeupscaling �E| � ��w<��| 9 �E| � y�y���� 9C$ � �Iy���|\�^y

Table2: Productionandinjectionratesin thewells.
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