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1 Introduction

We presenta new techniquefor computingtheeffective permeabilityin heterogeneousreservoirs
on a coarsescale.Themethodis basedon theassumptionthat thepermeabilityis givenat a fine
scaleandthatit is necessaryto reducethenumberof blocksin thereservoir model.

Traditionalupscalingmethodsdependonlocalboundaryconditions.It is well known thatsuch
approachesoften lead to non-uniquesolutions. The new global methodis applicablewhenever
theselocal methodsfail to produceanacceptablepermeabilityfield, e.g.,for upscalingof blocks
closeto wellsandin casesinvolving heterogeneitiesonthecoarsegrid blockscale.In suchcasesit
is impossibleto computeaneffective permeabilitybasedon localobservationsof thepressureand
velocity fields. Thepropertiesof thecoarsereservoir modelsimply dependheavily on theglobal
flow pattern.

Thebasicideabehindthenew methodis to minimizetheglobalerrorsintroducedin thepres-
sureandvelocity fields by the upscalingprocess.In this approachthe total massflux over each
coarsegrid block interfacewill be preserved on the coarsemesh. This leadsto very accurate
productionandinjection ratesin the wells for the coarsemodel. Moreover, the associatedmini-
mizationproblemcanbesolvedvery efficiently. Thesolutionof thefine scalepressureequation
is, however, required. It turnsout that, in view of modernnumericalmethodsfor elliptic differ-
entialequations,theefficiency of thenew globalschemeis comparableto theperformanceof the
traditionallocalmethods.

We report test resultsfor the new global techniqueand for the traditional local upscaling
methodfor a fluvial reservoir containing20 wells. The global approachproducesflow patterns
thatarecloserto thefine scaleflow field (obtainedby simulatingdirectly on thefine scale)than
thelocalmethods.Theamountof requiredCPUtime is thesamefor bothmethods.

2 Global upscaling

Traditionalupscalingmethodsarebasedon solving theflow equationon eachcoarsegrid-block.
Usuallya no flow boundaryconditionis appliedto all facesof theblock exceptfor two opposite
faceswhereconstantDirichlet boundaryconditionsareapplied.Thecoarsegrid-blockpermeabil-
ity is thendeterminedsuchthatthetotal flow acrosstheblock is preserved,seeDurlofsky [1] and
WarrenandPrice[4].

In this papera differentapproachis studied. As mentionedabove, in the global schemethe
upscalingproblemis formulatedasa minimizationproblem.More precisely, theupscaledperme-
ability is definedasthepermeabilitythatminimizesthedifferences,measuredin propernorms,be-
tweenthepressureandthevelocityfieldsgeneratedby thefineandcoarsescalepressureequations,
respectively. In theliteratureaddressingparameteridentificationproblems(inverseproblems)this
approachis oftenreferredto asanoutputleastsquares(OLS) method.Thereforewe will refer to
thenew methodastheOLSscheme.

Let
���

, � � and � � representthe fine scalepermeability, pressureand velocity field, respec-
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tively. The coarsescalecounterpartsarerepresentedby
���

(the unknown), � �
	 � ���
����� and� ��	 � ��������� (wherewe emphasizethat both � � and � � dependon the unknown coarsescale
permeabilityfield

���
). A reasonableambitiononthecoarsegrid for anaccurateupscalingmethod

shouldbe that the pressurein eachcoarseblock ��� is closeto the averagefine scalepressure� ��
in ��� , andthat the flux over eachcoarsegrid block interface ��� is a goodapproximationof the
averagefineflux � ��� �� over ��� . It turnsout thatminimizing the � � norms! � �#" � ���
����� ! �$�% 	'&)(*� � �+" � ��� ��,�- (1)

and ! � �+" � �������.� ! �$�% 	/&)01�2� � �+" � ���43)56� ��,7- (2)

give solutionsthatarecloseto � � 	98 � ��): � and � � 	98 � ��� ��;: ��� � , respectively. Here, � representsthe
unionof all theboundariesof thecoarsescalegrid blocks,

5
is theoutwardsdirectednormalvector

to theseboundaries,and <>=
? areblock indices(� �� is thepressurein block < and � �@� �� is theflux from
block < to block ? ).

In orderto minimize the functionalsgiven in (1) and(2), with respectto
���

, it seemsto be
impossibleto avoid computingthefinescalepressure.This leadsto a largelinearequationsystem
wherethe numberof unknowns is the numberof fine scaleblocks. However, the mostefficient
linearequationsolverstodayusecomputertime proportionalto thenumberof unknowns,seee.g.
[2]. Recallthatif localupscalingtechniquesareappliedthenafinescaleproblemis solvedoneach
coarseblock,seee.g.[1]. Thus,theCPU-timeneededfor solvingonefinescalepressureequation,
definedon the entirereservoir, is comparableto the time neededby local upscalingmethodsfor
solvingall of thefine scaleproblemson thecoarseblocks.

In a finite differencereservoir simulatorthe permeabilitiesareonly usedfor calculatingthe
transmissibilities.Thus,we will focuson computingtransmissibilities,insteadof permeabilities,
in the algorithmpresentedbelow. Clearly, � �� and � ��� �� are reproducedon the coarsegrid if the
transmissibilitiessatisfytheequation A ��� �� � � �� " � � � �B	 � ��� �� = (3)

where < and ? areneighborblocksand

A ��� ��
representsthetransmissibilityof theassociatedblock

interface.This follows easilyfrom conservationof massandthediscretizedfine andcoarsescale
pressureequations,cf. [3].

With this notationat handour minimizationproblemcanbe formulatedasfollows; Let

A ��� �$
and

A �@� �C begivenlowerandupperboundsfor

A ��� ��
.D � minimization problem

For eachpair <E=
? ofneighboringcoarsegrid blocksfind

A �@� �� FHG A ��� �$ =
A ��� �CJI such that

! � �+" � ���
A ��� ! $�%

is minimized,andof all solutionsthatminimizethisfunctional,minimize
! � �#" � ���

A ��� ! $�%LK In case
bothfunctionalsare invariant for a transmissibility

A �@� ��
, set

A ��� �� 	M� A ��� �$
A ��� �C �ON
P � K

In view of the discussionpresentedabove, an approximatesolution to this problemcan be
computedby Algorithm 1.

Algorithm 1

1. Find the solution � � of the fine scalepressureequationandcomputethe associatedDarcy
velocity � � K

2. Computethe � � -projections� � and � � of � � and � � ontothecoarsegrid.

3. For all pairsof neighborblocks <E=
? :
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(a)

A ��� �NRQ 	 � ��� ��TS � � �� " � � � � ,
where � ��� � representsthemassflux from block < to block ? .

(b) Set

A ��� �� FUG A ��� �$ =
A ��� �C I suchthat V

A ��� �� " A ��� �N V is minimized.

Hence,in step3 we try to find

A ��� �� FWG A ��� �$ =
A ��� �C I satisfying(3). If we can’t find any

A ��� �� FG A ��� �$ =
A �@� �CJI satisfying(3) then

A ��� ��
is setequalto

A ��� �$ or

A �@� �C .
For furtherdetails,moreaccuratealgorithms(Algorithm 2 usedbelow) andanalysesof their

performancewereferto [3].

3 Numerical experiments

We considerafluvial reservoir with anet/grosequalto 0.4. Thereservoir is X�X)Y�Y�Y[Z long, \�Y�Y�Y[Z
wide,andis having a depthof ]�Y�Z . Thechanneldimensionsaregivenby Gaussianfields,with a
widenesswith expectationvalue ]�Y�Y�Z andstandarddeviation ^�Y�Y�Z , anda thicknesswith expec-
tation value _[Z andstandarddeviation ^[Z . The reservoir contains20 vertical wells penetrating
theentirereservoir, of which 7 areinjectionwells and13 areproductionwells, seeFigure1. On
thefine scalethereservoir is partitionedinto `�]bac`�]baJ]�Y blocksandthecoarsegrid is givenby^�]daJ^�]baJ^�] blocks. Hencethefine scaleblockshave thesizesof Xfeg`hZiaje7Y�ZkaUXlZ , whereas
thecoarsescaleare e�e7Y�ZmanXo^�Y[Zmap^hZ . Thepermeabilitiesin thechannelsandthebackground
areGaussianfields with expectationvaluesapproximatelyequalto ][e K _ and X K ^�^ , respectively.
Similarly, theporosityhasanexpectationvalueof 0.2 in thechannelsand0.01in thebackground.

Figure1: Thefluvial reservoir shown with thepermeabilityfield andthepositionof the20vertical
wells.

3.1 Steady State Solutions

In this part we performa steady-statetest of the reservoir with no flow on the boundariesand
fixed pressurein the wells. The specifiedpressurein the producersandinjectorsis setto 2 and
3, respectively. We apply two differentalgorithmsfor the global upscaling,Algorithm 1 (asde-
scribedabove) anda refinedversion,Algorithm 2, which both arepart of the OLS methodand
describedin detail in theoriginalpaper[3]. Essentially, Algorithm 1 findsthetransmissibilitiesof
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thecoarsegrid block interfacesby dividing theflow ratesbetweentwo neighboringblocksby the
pressuredifferencesbetweenthe blocks. If a transmissibilityis outsidea permittedinterval, the
correspondingvalueis truncatedto thevalueof theclosestendpointfor this interval. Algorithm
2 is an iterative extensionof Algorithm 1 which modifiesthe pressuresin moreandmoreof the
neighboringblocksin orderthattheratiosbetweenflow ratesandpressuredifferencesalwaysare
insidethepermittedinterval for thetransmissibilities.Theratesin thewells andthepressureand
velocity distributionsin theentirereservoir arefoundby solvingthefine scalepressureequation.
The resultsof the global upscalingfrom Algorithms 1 and2 canbe comparedto the fine scale
solution.Thelocal upscalingis testedby usinga WarrenandPricetypeof boundaryconditionon
eachcoarsegrid block.

Algorithm q rlslt[rEuvqxw %q rls
q w % q yOsft7y2u7qxw %q yOszq w %
Projection Y K Y{X)]�^�_�Y Y K _v`�`he7|

Algorithm 1 Y K Y{XL_�_�e1X Y K _�}7]�]�\
Algorithm 2 Y K Y{X)]�]�\�} Y K _�|�}�e7}

Localupscaling Y K Y7^gX)_�|�} Y K `�|�_v`oe
Table1: Relative errorsin thepressureandvelocityfieldsobtainedfrom thefluvial reservoir.

Well Finescale Algorithm 1 Algorithm 2 Localupscaling
1 }�^7` K ` `[|v` K _ }7^�| K ` eg`oe K ^
2 _~Xle K X ]�}�e K \ _�\�} K X ^7`�` K \
3 _�}7] K Y _�}{X K \ _�_v` K Y e1XL\ K \
4 Xo^�\�e Xo^�^�_ Xo^[ev| `�`�] K _
5 X)Y�_�} X)Y�]7` X)Yv`gX _�}[e K }
6 \�}�_ K X \�}7] K | \v`�} K ] ^7`�] K `
7 X�X)^�] X�XLY7^ X�X�Xle `�Y�^ K ^
8

" \�}�^ K _ " \�}�e K ] " \�|~X K \ " ^�^�| K Y
9

" e�]�Y K ^ " e�]�\ K \ " e�e7Y K | " ^�}�_ K e
10

" Xh`[Y K ` " ^�Y�_ K Y " X)_7` K | " Xo^�^ K X
11

" ]�\�| K X " e�^~X K _ " ]�\�] K ^ " ^�}7] K ^
12

" \�\�^ K ] " \�_�_ K ] " \7^�` K _ " ^�^[e K _
13

" \�\�Y K Y " \�\7^ K Y " \{XL| K ] " ^�^�_ K `
14

" ^�_7` K ` " ^7`�Y K X " ^�_�} K Y " X)|�Y K `
15

" `�^�} K } " `�\7^ K ] " `he7| K \ " \�|v` K \
16

" e�^�} K | " e�e�] K Y " ev\�_ K e " \{Xo^ K |
17

" e�]he K ] " ev_7^ K ^ " e�]�} K \ " ^�]�_ K ^
18

" }{X�X K X " `�_v` K e " `�|�} K ^ " ]�\�_ K Y
19

" e1Xfe K _ " \7]�] K ] " \�}~X K ` " X)|v` K e
20

" _7^�| K ` " _�\�_ K e " _v`[\ K ] " \�\�} K e
Table2: Productionandinjectionratesin thewellsobtainedfor thefluvial reservoir. A calculation
of therootmeansquareof therelative deviationsfor theratesyieldsa meandeviation of 3.0%for
theratesof Algorithm 2 andameandeviationof 8.1%for theratesof Algorithm 1. In comparison,
the ratesdueto the local upscalingmethodaremethodicallyunderestimatedanddeviate on the
averageby 39.3%from thefinescalerates.
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Table1 containsthe relative errorsintroducedin the pressureandvelocity fields by theOLS
method(Algorithms1 and2) vs. thetraditionallocalupscalingmethod.Therelativeerrorsreferred
to as“Projection” representthebestapproximationson thecoarsescaleof thefine scalepressure
andvelocity fields. Hence,it is not possibleto obtainsmallerrelative errorsthanthosegivenby
the projectionerrorsin any type of upscaling.We observe that the relative error of the pressure
field for Algorithm 2 is very closeto the projectionerror. For the relative error of the velocity
field Algorithm 1 is doingslightly betterthanAlgorithm 2. In bothcases,Algorithms1 and2 are
performingsignificantlybetterthanthelocalupscalingmethod.Theseobservationsareconfirmed
in Table2. Heretheflow ratesreferredto as“Fine scale”representthe truesolutionrates.Both
Algorithm 1 andAlgorithm 2 produceratesthatarefairly closeto thefine scalerates.

3.2 Perturbations

The OLS schemeis testedby assumingfive differentsetsof boundaryconditions1 for the wells.
The differentboundaryconditionsmay representthe variationover time for the reservoir. They
may alsoreflect the uncertaintyconnectedto our knowledgeof the boundaryconditions. Since
theOLS methoddependson theboundaryconditionsof the reservoir, the ideahereis to testthe
sensitivity of the global upscalingresultsagainstperturbationsof theseboundaryconditions. In
theseexperimentsweusedAlgorithm 2 asdefinedin [3].

In this perturbationschemethe transmissibilitiesfrom the global upscalingarefirst obtained
for eachsetof perturbedboundaryconditions. Thesetransmissibilitiesare thenappliedon the
coarsegrid with theunperturbedboundaryconditions.Theunperturbedboundaryconditionsare
specifiedby a pressureequalto 2 in all the productionwells anda pressureequalto 3 in all the
injectionwells. Theperturbedboundaryconditionsaredefinedby addinga normallydistributed
variableto thepressureswith anexpectationvalue0 andstandarddeviationsof 0, .1, .25,.5 and1,
for thefive setsof boundaryconditionsrespectively. Thefirst case,with a zerostandarddeviation
for thisvariable,naturallygivesthesameresultsastheunperturbedreservoir. A standarddeviation
of .1 correspondsto 10%of thedifferencein pressuresbetweentheinjectorsandtheproducersin
thefine scalesolution. In this sensetheperturbationof thereservoirs from thefine scalesolution
is 0%, 10%,25%,50%and100%,asindicatedin Tables3 and4. In our testtheactualpressures
of the wells with a 10% perturbationwere 2.92, 3.08, 2.98, 3.04, 2.84, 3.18, and 2.88 for the
injection wells 1 – 7, and1.99, 1.83, 1.97, 1.99, 2.01, 1.99, 1.92, 1.86, 2.05, 2.16, 2.00, 1.98,
and1.90 for the productionwells 8 – 20. We have usedthe samerandomnumbersfor the five
setsof boundaryconditionssuchthat theperturbationof eachwell is just a scalingfrom oneset
to another. As expected,the resultsof Tables3 and4 show that the resultsof the OLS method
is bettertheclosertheboundaryconditionsusedfor finding thetransmissibilitiesareto theactual
boundaryconditionsof the reservoir. A root meansquarecalculationof the relative deviations
for the ratesyields deviationsof 3.0%,7.7%,12.2%,39.7%,and30.5%for the 0%, 10%,25%,
50%,and100%perturbation,respectively. Giventhat theratesdueto thelocal upscalingmethod
deviateby 39.3%from thefine scalerates,we concludethatevenwith a 25%perturbationof the
boundaryconditionsthe OLS methodgivesfar betterresultsthanthe local upscalingtechnique
for this reservoir. In the casesof 50% and100% perturbationof the boundaryconditions,the
deviationsof thewell ratesfor theOLSmethodis roughlythesameasthecorrespondingdeviation
producedby thelocalupscalingmethod.

1In thispaperasetof reservoir boundaryconditionsis definedasaspecificationof thepressureor ratesin thewells
andaspecificationof thefluxes(in or out)of thereservoir.
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Algorithm
! � �#" � � ! $ % S ! � � ! $ % ! � �+" � � ! $ % S ! � � ! $ %

Projection Y K Y~Xo]�^�_�Y Y K _7`�`hev|
OLS0% Y K Y~Xo]�]�\�} Y K _�|�}�ev}
OLS10% Y K Y~Xo]�]�}v` Y K _�|v`gX)}
OLS25% Y K Y~Xo]�}�|�\ Y K `[Y7]�|�|
OLS50% Y K Y~X)_�}�Y�| Y K `[_v`�\�}
OLS100% Y K Y~X)|�\{Xle Y K }�^�_7^�]

Localupscaling Y K Y�^~X)_�|�} Y K `[|�_v`he
Table3: Relative errorsin thepressureandvelocity fieldsfor theperturbedreservoir.

Well Fine OLS OLS OLS OLS OLS Local
scale 0% 10% 25% 50% 100% upscaling

1 }7^7` K ` }7^�| K ` }�e�e K ` }7`�} K X X�X)_7^ Xo]�^�Y eg`he K ^
2 _{Xle K X _�\�} K X _{Xo] K \ _�^�^ K X _�\{X K X ]�}�^ K | ^7`�` K \
3 _�}7] K Y _�_v` K Y `gX)Y K ^ `�^7` K e `�^[e K ^ _�|�^ K ^ e1X)\ K \
4 Xo^�\�e X)^[ev| Xo^�^7` Xo^�\�| Xo^[ev_ Xo^�_�} `�`�] K _
5 X)Y�_�} XLYv`gX X�X)Y�Y X�XL_{X Xlev}7^ Xo^�Y�] _�}�e K }
6 \�}�_ K X \v`�} K ] \v`�Y K e \�_�\ K Y \v`gX K } \�|�Y K \ ^7`�] K `
7 X�Xo^�] X�X�Xle X�X)Y�} X)Y�|�\ X�X�X)\ X�X)Y[e `�Y7^ K ^
8

" \�}�^ K _ " \�|{X K \ " e�evY K | " eg`�^ K ] " \�_7^ K } " e�ev} K ^ " ^�^�| K Y
9

" e�]�Y K ^ " e�evY K | " e1X)_ K ] " \v`[| K \ " \v`he K Y " \�_7] K | " ^�}�_ K e
10

" Xh`[Y K ` " XL_v` K | " ^~Xh` K } " ^[ev^ K ^ " e�e1X K ^ " XL|7] K ] " Xo^�^ K X
11

" ]�\�| K X " ]�\7] K ^ " ]�^�_ K X " ]~Xfe K Y " ev}{X K ] " X)Y~X)Y " ^�}7] K ^
12

" \�\�^ K ] " \�^7` K _ " \7^7` K | " \v`�^ K _ " \�ev\ K ` " ev^�} K Y " ^�^[e K _
13

" \�\�Y K Y " \~X)| K ] " \7^~X K ] " \{XL| K \ " \�e�^ K ^ " \�|v` K } " ^�^�_ K `
14

" ^�_7` K ` " ^�_�} K Y " ^�_�} K X " ^�_�} K X " ^�]�} K ^ " ^�^�^ K _ " X)|�Y K `
15

" `�^�} K } " `oev| K \ " `gXle K \ " `he7| K ] " }�ev| K } " |~X�X K _ " \�|v` K \
16

" e�^�} K | " e7\�_ K e " e�ev| K e " ev\�] K e " ev|�\ K e " \[eg` K e " \{Xo^ K |
17

" e�]he K ] " ev]�} K \ " e�ev| K X " e�]�Y K | " ]~Xo] K ] " ev]�| K ` " ^�]�_ K ^
18

" }{X�X K X " `[|�} K ^ " }�Y�_ K \ " }�\7` K X " X�X)_�| " `[}�| K e " ]�\�_ K Y
19

" e1Xfe K _ " \�}{X K ` " \�|7^ K e " evY[e K Y " e�]7` K Y " ev^7` K _ " X)|v` K e
20

" _7^�| K ` " _7`�\ K ] " _�e�e K \ " _�\�} K ^ " _�e�^ K ` " `�]�} K | " \�\�} K e
Table4: Productionandinjectionratesin thewellsobtainedfrom theperturbedfluvial reservoir.
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