Upscalingof permeabilityusingglobalnorms

LarsHolden,Bjarn FredrikNielserr andSigurdSannan
Norwegian ComputingCenter
PO-Box114,03140slo,

Norway

June7, 2000

*Presentingauthor



1 Introduction

We presenta new techniquefor computingthe effective permeabilityin heterogeneousseroirs
on a coarsescale. The methodis basedon the assumptiorthatthe permeabilityis givenat a fine
scaleandthatit is necessaryo reducethe numberof blocksin thereseroir model.

Traditionalupscalingnethodsdependn local boundaryconditions.It is well known thatsuch
approachesften leadto non-uniquesolutions. The nen global methodis applicablewheneer
theselocal methoddfail to producean acceptablgermeabilityfield, e.g.,for upscalingof blocks
closeto wellsandin casesnvolving heterogeneitiesnthecoarsagrid block scale.In suchcasest
is impossibleto computeaneffective permeabilitybasedon local obsenationsof the pressureand
velocity fields. The propertiesof the coarsereserwir modelsimply dependheavily on the global
flow pattern.

Thebasicideabehindthe nev methodis to minimizethe globalerrorsintroducedn the pres-
sureandvelocity fields by the upscalingprocess.In this approachthe total massflux over each
coarsegrid block interfacewill be presered on the coarsemesh. This leadsto very accurate
productionandinjection ratesin the wells for the coarsemodel. Moreover, the associateanini-
mizationproblemcanbe solved very efficiently. The solutionof the fine scalepressureequation
is, however, required. It turnsout that, in view of modernnumericalmethodsfor elliptic differ-
ential equationsthe efficiency of the new globalschemeas comparabldo the performanceof the
traditionallocal methods.

We report test resultsfor the new global techniqueand for the traditional local upscaling
methodfor a fluvial reserwoir containing20 wells. The global approachproducedlow patterns
thatarecloserto the fine scaleflow field (obtainedby simulatingdirectly on the fine scale)than
thelocal methods.Theamountof requiredCPUtime is the samefor bothmethods.

2 Global upscaling

Traditionalupscalingmethodsare basedon solving the flow equationon eachcoarsegrid-block.
Usually a no flow boundaryconditionis appliedto all facesof the block exceptfor two opposite
faceswhereconstanDirichlet boundaryconditionsareapplied. The coarsegrid-block permeabil-
ity is thendeterminedsuchthatthetotal flow acrosgheblockis presered, seeDurlofsky [1] and
WarrenandPrice[4].

In this papera differentapproachs studied. As mentionedabove, in the global schemehe
upscalingproblemis formulatedasa minimizationproblem.More precisely the upscalegerme-
ability is definedasthe permeabilitythatminimizesthedifferencesmeasuredh propemorms be-
tweenthepressurendthevelocityfieldsgeneratedby thefine andcoarsescalepressurequations,
respectrely. In theliteratureaddressingparameterdentificationproblems(inverseproblems)his
approachs oftenreferredto asanoutputleastsquaregOLS) method. Thereforewe will referto
thenewv methodasthe OLS scheme.

Let &y, p, and v, representhe fine scalepermeability pressureand velocity field, respec-



tively. The coarsescalecounterpartarerepresentedby kg (the unknowvn), py = py(ky) and
vy = vg(kg) (Wherewe emphasizehat both py andvy dependon the unknovn coarsescale
permeabilityfield kz). A reasonablambitiononthecoarsayrid for anaccurataipscalingmethod
shouldbe that the pressureén eachcoarseblock Q; is closeto the averagefine scalepressurep’
in ©;, andthatthe flux over eachcoarsegrid block interfaceT’; is a good approximationof the
averagefine flux ¢ overT;. It turnsoutthatminimizing the L, norms

Ipn — prr(ki) 3, = | (o — pm)? o ®

and
lon = va(ka)l, = [ ((on = vi) -m)? da @

give solutionsthatarecloseto p, = {p.}; andg, = {¢%"}. ;, respectrely. Here,I' representshe
unionof all theboundarie®f thecoarsescalegrid blocks,n is the outwardsdirectednormalvector
to theseboundariesandi, j areblockindices(p is the pressurén block: andg®’ is theflux from
block to block 7).

In orderto minimize the functionalsgivenin (1) and(2), with respecto kg, it seemgo be
impossibleto avoid computingthefine scalepressureThis leadsto alargelinearequationsystem
wherethe numberof unknavnsis the numberof fine scaleblocks. However, the mostefficient
linearequationsolverstodayusecomputeitime proportionalto the numberof unknavns,seee.g.
[2]. Recallthatif localupscalingechniquesreappliedthenafine scaleproblemis solvedoneach
coarseblock,seee.g.[1]. Thus,theCPU-timeneededor solvingonefine scalepressurequation,
definedon the entirereserwir, is comparabldo the time neededy local upscalingmethodsfor
solvingall of thefine scaleproblemson the coarseblocks.

In a finite differencereserwir simulatorthe permeabilitiesare only usedfor calculatingthe
transmissibilities. Thus,we will focuson computingtransmissibilitiesjnsteadof permeabilities,
in the algorithm presentecbelon. Clearly pé and¢i’ are reproducedbn the coarsegrid if the
transmissibilitiesatisfythe equation

TH (bt — pl) = ¢, A3)

wherei and; areneighborblocksandT}’ representshe transmissibilityof the associatedlock
interface. This follows easilyfrom conseration of massandthe discretizedine andcoarsescale
pressureequationsgf. [3].

With this notationat handour minimization problemcan be formulatedas follows; Let T3
andT}¥ begivenlower andupperboundsfor T3 .

L, minimization problem
For eadh pair i, j of neighboringcoarsegrid blocksfind T}’ € [T37, T’ sudthat||v, — v (Txa)|| 1,
is minimizedandof all solutionsthatminimizethisfunctional,minimize||p, — pu(TH)||L,- IN case
both functionalsare invariantfor a transmissibilityl s, setTy = (T3 T5)'/2.

In view of the discussionpresentedabove, an approximatesolutionto this problemcanbe
computedoy Algorithm 1.

Algorithm 1

1. Find the solutionp,, of the fine scalepressureequationand computethe associatedarcy
velocity vy,.

2. Computethe L,-projectionsp, andg, of p, andg, ontothecoarsegrid.

3. For all pairsof neighborblocksi, j:



@ Ty := g7/ (p — pl),
whereg™? representthe massflux from block: to block ;.

(b) SetT} e [T}, T;"] suchthat|Ty — T}”| is minimized.

Hence,in step3 we try to find T}/ € [T}7,T;] satisfying(3). If we cant find ary T}/ €
[Tv7 | T3] satisfying(3) thenT7}y is setequalto T} or T}/

For further details,more accuratealgorithms(Algorithm 2 usedbelon) andanalyseof their
performanceve referto [3].

3 Numerical experiments

We considerafluvial reserwir with a net/grosequalto 0.4. Thereserwir is 11000m long, 3000m
wide, andis having a depthof 50m. The channeldimensionsaregivenby Gaussiarfields, with a
widenesswith expectationvalue500m andstandardieviation 200m, anda thicknesswith expec-
tation value6m andstandarddeviation 2m. Thereserwir contains20 vertical wells penetrating
the entirereserwir, of which 7 areinjectionwells and 13 areproductionwells, seeFigurel. On
thefine scalethereserwir is partitionedinto 75 x 75 x 50 blocksandthe coarsegrid is given by
25 x 25 x 25 blocks. Hencethe fine scaleblockshave the sizesof 147m x 40m x 1m, whereas
the coarsescaleare440m x 120m x 2m. The permeabilitiesn the channelsandthe background
are Gaussiarfields with expectationvaluesapproximatelyequalto 54.6 and 1.22, respecirely.
Similarly, the porosityhasanexpectationvalueof 0.2in the channelsand0.01in the background.

Permeability:
. 281(max)

200

0.7 (min)

Figurel: Thefluvial reserwir shovn with the permeabilityfield andthe positionof the 20 vertical
wells.

3.1 Steady State Solutions

In this part we perform a steady-stateest of the reserwir with no flow on the boundariesand
fixed pressuran the wells. The specifiedpressurean the producersandinjectorsis setto 2 and
3, respectrely. We apply two differentalgorithmsfor the global upscaling,Algorithm 1 (asde-
scribedabove) and a refinedversion, Algorithm 2, which both are part of the OLS methodand
describedn detailin the original paper3]. EssentiallyAlgorithm 1 findsthetransmissibilitieof



the coarsegrid block interfacesby dividing the flow ratesbetweertwo neighboringblocksby the
pressuralifferencesetweenthe blocks. If a transmissibilityis outsidea permittedinterval, the
correspondingalueis truncatedo the value of the closestendpointfor this interval. Algorithm

2 is aniteratve extensionof Algorithm 1 which modifiesthe pressuresn moreandmoreof the
neighboringblocksin orderthatthe ratiosbetweerflow ratesandpressuralifferencesalwaysare
insidethe permittedintenal for the transmissibilities. Theratesin the wells andthe pressureand
velocity distributionsin the entirereseroir arefound by solving the fine scalepressuresquation.
The resultsof the global upscalingfrom Algorithms 1 and2 canbe comparedo the fine scale
solution. Thelocal upscalings testedby usinga WarrenandPricetype of boundaryconditionon

eachcoarsegrid block.

i lpr—pallpz | Iba—vHlL2
Algorithm IhohlleL M'L;
Projection 0.015260 | 0.67749
Algorithm1 | 0.016641 | 0.68553
Algorithm2 | 0.015538 | 0.69848

Localupscaling| 0.021698 | 0.79674

Tablel: Relatve errorsin the pressurendvelocity fields obtainedfrom thefluvial reserwoir.

Well | Finescale| Algorithm 1 | Algorithm 2 | Local upscaling
1 827.7 797.6 829.7 474.2
2 614.1 584.3 638.1 277.3
3 685.0 681.3 667.0 413.3
4 1234 1226 1249 775.6
5 1068 1057 1071 684.8
6 386.1 385.9 378.5 275.7
7 1125 1102 1114 702.2
8 —382.6 —384.5 —391.3 —229.0
9 —450.2 —453.3 —440.9 —286.4
10 —170.7 —206.0 —167.9 —122.1
11 | —-539.1 —421.6 —535.2 —285.2
12 —332.5 —366.5 —327.6 —224.6
13 | —330.0 —332.0 —319.5 —226.7
14 | —267.7 —270.1 —268.0 —190.7
15 | —728.8 —732.5 —749.3 —397.3
16 —428.9 —445.0 —436.4 —312.9
17 —454.5 —462.2 —458.3 —256.2
18 | —811.1 —767.4 —798.2 —536.0
19 —414.6 —355.5 —381.7 —1974
20 | —629.7 —636.4 —673.5 —338.4

Table2: Productiorandinjectionratesin thewells obtainedor thefluvial reserwir. A calculation
of theroot meansquareof therelative deviationsfor theratesyieldsa meandeviation of 3.0%for
theratesof Algorithm 2 andameandeviation of 8.1%for theratesof Algorithm 1. In comparison,
the ratesdueto the local upscalingmethodare methodicallyunderestimateand deviate on the
averageby 39.3%from thefine scalerates.



Table 1 containstherelative errorsintroducedin the pressureandvelocity fields by the OLS
method(Algorithms1 and2) vs. thetraditionallocalupscalingnethod.Therelatve errorsreferred
to as“Projection” representhe bestapproximation®n the coarsescaleof thefine scalepressure
andvelocity fields. Hence,it is not possibleto obtainsmallerrelative errorsthanthosegiven by
the projectionerrorsin ary type of upscaling. We obsene thatthe relative error of the pressure
field for Algorithm 2 is very closeto the projectionerror. For the relatve error of the velocity
field Algorithm 1 is doing slightly betterthanAlgorithm 2. In both casesAlgorithms1 and?2 are
performingsignificantlybetterthanthelocal upscalingnethod.Theseobsenationsareconfirmed
in Table2. Herethe flow ratesreferredto as“Fine scale”representhe true solutionrates. Both
Algorithm 1 andAlgorithm 2 produceratesthatarefairly closeto thefine scalerates.

3.2 Perturbations

The OLS schemds testedby assumindive differentsetsof boundaryconditions for the wells.
The differentboundaryconditionsmay representhe variationover time for the reseroir. They
may also reflectthe uncertaintyconnectedo our knowledgeof the boundaryconditions. Since
the OLS methoddependwn the boundaryconditionsof the reserwir, theideahereis to testthe
sensitvity of the global upscalingresultsagainstperturbationsf theseboundaryconditions. In
theseexperimentsve usedAlgorithm 2 asdefinedin [3].

In this perturbationschemethe transmissibilitiesrom the global upscalingarefirst obtained
for eachsetof perturbedboundaryconditions. Thesetransmissibilitiesare then appliedon the
coarsegrid with the unperturbedoundaryconditions. The unperturbedoundaryconditionsare
specifiedby a pressureequalto 2 in all the productionwells anda pressureequalto 3 in all the
injectionwells. The perturbedooundaryconditionsaredefinedby addinga normally distributed
variableto the pressuresvith anexpectatiorvalueO andstandardieviationsof 0, .1, .25,.5and1,
for thefive setsof boundaryconditionsrespectrely. Thefirst casewith azerostandardieviation
for thisvariable naturallygivesthe sameresultsastheunperturbedeserwir. A standardleviation
of .1 corresponds$o 10% of the differencein pressurevetweertheinjectorsandthe producersn
the fine scalesolution. In this sensehe perturbatiorof the reserwirs from the fine scalesolution
is 0%, 10%, 25%,50% and 100%, asindicatedin Tables3 and4. In our testthe actualpressures
of the wells with a 10% perturbationwere 2.92, 3.08, 2.98, 3.04, 2.84, 3.18, and 2.88 for the
injectionwells 1 — 7, and1.99, 1.83,1.97,1.99,2.01,1.99,1.92,1.86, 2.05, 2.16, 2.00, 1.98,
and1.90 for the productionwells 8 — 20. We have usedthe samerandomnumbersfor the five
setsof boundaryconditionssuchthatthe perturbationof eachwell is just a scalingfrom oneset
to another As expected,the resultsof Tables3 and4 show that the resultsof the OLS method
is betterthe closerthe boundaryconditionsusedfor finding the transmissibilitiesareto the actual
boundaryconditionsof the reserwoir. A root meansquarecalculationof the relatve deviations
for the ratesyields deviationsof 3.0%, 7.7%, 12.2%,39.7%,and 30.5%for the 0%, 10%, 25%,
50%,and100%perturbationyespectrely. Giventhatthe ratesdueto the local upscalingmethod
deviate by 39.3%from thefine scalerates,we concludethatevenwith a 25% perturbationof the
boundaryconditionsthe OLS methodgivesfar betterresultsthanthe local upscalingtechnique
for this reserwir. In the casesof 50% and 100% perturbationof the boundaryconditions,the
deviationsof thewell ratesfor the OLS methodis roughlythesameasthe correspondingleviation
producedoy thelocal upscalingmethod.

LIn this paperasetof reserwir boundaryconditionsis definedasa specificatiorof the pressurer ratesin thewells
anda specificatiorof the fluxes(in or out) of thereserwir.



Algorithm | [[pn — pr |22/l pullz2 | llva — vallz2/llvallz2
Projection 0.015260 0.67749
OLS 0% 0.015538 0.69848
OLS 10% 0.015587 0.69718
OLS 25% 0.015893 0.70599
OLS 50% 0.016809 0.76738
OLS 100% 0.019314 0.82625
Localupscaling 0.021698 0.79674

Table3: Relatve errorsin the pressur@ndvelocity fieldsfor the perturbedeseroir.

Well | Fine OLS OLS OLS OLS OLS Local
scale 0% 10% 25% 50% | 100% | upscaling

1 827.7 829.7 844.7 878.1 1162 1520 474.2
2 614.1 638.1 615.3 622.1 631.1 582.9 277.3
3 685.0 | 667.0 | 710.2 | 7274 | 724.2 | 692.2 413.3
4 1234 1249 1227 1239 1246 1268 775.6
5 1068 1071 1100 1161 1482 1205 684.8
6 386.1 | 378.5 | 3704 | 363.0 | 371.8 | 390.3 275.7
7 1125 1114 1108 1093 1113 1104 702.2
8 | —382.6 | —391.3 | —440.9 | —472.5 | —362.8 | —448.2 | —229.0
9 | —450.2 | —440.9 | —416.5 | —379.3 | —374.0 | —365.9 | —286.4
10 | —170.7 | —167.9 | —217.8 | —242.2 | —441.2 | —195.5 | —122.1
11 | —539.1 | —535.2 | —526.1 | —514.0 | —481.5 | —1010 | —285.2
12 | —332.5 | —327.6 | —327.9 | —372.6 | —343.7 | —428.0 | —224.6
13 | —330.0 | —319.5 | —321.5 | —319.3 | —342.2 | —397.8 | —226.7
14 | —267.7 | —268.0 | —268.1 | —268.1 | —258.2 | —222.6 | —190.7
15 | —728.8 | —749.3 | —714.3 | —749.5 | —849.8 | —911.6 | —397.3
16 | —428.9 | —436.4 | —449.4 | —435.4 | —493.4 | —347.4 | -312.9
17 | —454.5 | —458.3 | —449.1 | —450.9 | —515.5 | —459.7 | —256.2
18 | —811.1 | —798.2 | —806.3 | —837.1 | —1169 | —789.4 | —536.0
19 | —414.6 | —381.7 | —392.4 | —404.0 | —457.0 | —427.6 | —1974
20 | —629.7 | —673.5 | —644.3 | —638.2 | —642.7 | —758.9 | —338.4

Table4: Productionandinjectionratesin thewells obtainedfrom the perturbedluvial reserwir.
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