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Options?

e Option, a contract that gives the buyer the
right (but no obligation) to buy (sell) an
asset for a prescribed price at a prescribed

expire date.

e European, American, Asian, Exotic,

Barrier and Multi-asset options.

e Fluropean, exercise only permitted at

expire.

e American, exercise permitted at any time

during the life of the option.



Options?, continued ...

e No arbitrage, risk-free interest rate,

continuous trading, etc.

e Black-Scholes equation

oP 1 , ,0°P oP
— + — — — —rP=0.
at+205852+7“5(9s r 0

— P = P(S, t); risk-neutral price of the

option.
— 5; underlying asset.
— 7; Interest rate.
— o; volatility.
e Furopean, fixed solution domain.

e American, moving boundary.



American put

efFor > S(t)and 0 <t < T

orP 1 , ,0°P oP
— 4 - — ——rP =0.
at+205052+7"535 r 0

e For 0 < .S < S(t)
P(S,t)=FE —S.

e S(t); unknown moving boundary.



American put, continued ...

S(t) E

e [v: Iixercise price.
e No arbitrage, constraint

P(S,t) > max(E — S,0).

o P g—g continuous.

e Final conditions (backwards in time!)
P(S,T) = max(E — S,0),
S(T)=E.



Penalty method

e Recall the constraint
P(S,t) > max(FE — S,0).

e Zvan, Forsyth and Vetzal (1998);

— Discrete P gets close to the constraint.

— Add a “LARGE” number to the

discrete equations.
— “Push” the appr. solution away from

the constraint.

e Our approach; Add a continuous penalty

term to the Black-Scholes equation.



Penalty method, continued ...

eFor S>0andt e [0,T)

orP 1 , ,0°P oP

— 4+ = — — —rP

8t+20sc‘952+rs83 r
eC _ 0

_|_P—|—€—(E—S>

— C > rFE positive constant.
- 0<ex 1.
— Nonlinear PDE posed on a fixed

domain.



Penalty method, continued ...

The penalty term

eC
P+e—(E-295)

1S
e of order € if P > (E — 9).
ex~x(C>rFEasP— (E-25).



Penalty method, continued ...

e Explicit scheme (backwards in time!);

n n—1 n n n
pPr—pPrt 1 PN —2PP4 PP

2027 J+1
Z o243
At 27T (AsR
P, — P eC
S~ — P! =0.
+70; AS T3+P]“+e—qj

e Theorem 1
Forall C > rE,

P! > max(E — Sj;,0),

provided that
At < (AS)

T 0252 +78(AS) + (AS)2+ £(AS)?



Penalty method, continued ...

e Fully-implicit (nonlinear equations);

pr—prtop, Pl —2pPr 4 PRl

2027 ] J+1
—o29-
Al 1*2“ K (AS)?
P — P eC'
LSt I epnlg — 0.

e Theorem 2
Forall C > rE,

P]n 2 maX(E — Sj, 0)

e No condition on At required!
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Penalty method, continued ...

e Semi-implicit (linear equations);

n n—1 n—1 n—1 n—1
PP =Pl 1P -2+ P
AR (AS)?
+ TS-PjH b —rptl = — ¢
7 AS J Pl'+€— g

e Theorem 3
For allC' > rFE,

Pl > max(E — S;,0),

provided that
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Numerical experiments

e Model parameters;

r = 0.1,
o = 0.2,
E=1,
T =

e Reference solution; Implicit Front-Fixing.
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Numerical experiments, continued ...

e Eixplicit;

€ Ll L2 Loo Hl CPU-time
10711 250-1072(2.61-1072|4.23-1072[1.00-10"1| 129.5s
1072 5.04-107316.31-1073|1.32-1072 [ 4.05-10"2 | 129.5s
1073 16.22-107419.49-10"%|250-103 [ 1.10-10"2 | 129.6s
1074 1.18-107*4[1.51-107%|3.02-1074[2.50-1073| 130.2s
e Fully-implicit;

€ Ll L2 Loo Hl CPU-time
1071 (250-1072(2.61-1072/4.23-1072|1.00- 101 7.8s

1072 5.03-107316.30-1073|1.32-1072 | 4.05 - 102 7.8s

1073 16.19-107%419.45-10%|2.49-1073 | 1.10 - 102 7.8

107411.20-107%|1.54-107%]2.99-10"*|2.50- 1073 8.4s

e Semi-implicit;

€ Ll LQ Loo H1 CPU-time
1071 12.50-1072(2.61-10724.23-1072 | 1.00- 1071 2.8

1072 5.03-107316.31-1073|1.32-1072 | 4.05- 102 2.8s

107316.21-1074]9.48-107%249-1073 | 1.10- 102 2.8

1074 1.19-107%4]1.52-107%|3.01-107%|2.49- 1073 2.8s
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Multi-asset options

o Assets; 57, So.
e Option price; P = P(S1, S, 1).

e Black-Scholes equation
OP 1 5 ,0°P 1 4 ,0°P

82
—|—p0102 5132 (952(951
oP OP
— — —rP=0.
+7rS7 95, + 7rSsH 95, r

e p; correlation between the assets.
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Multi-asset options, continued ...

e Payoft function at expire
¢(S1,59) = max (F — (151 + @1.51),0).

e American options — constraint
P(S1,S9,t) > ¢(S1,.5).

e Penalty term

eC
P+ e— (E — (04131 -+ 04151».

e Analysis,

C >rk.
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Multi-asset options, continued ...

e We define explicit, fully-implicit and

semi-implicit schemes.

e p =0, i.e. independent assets, we prove
that the constraint is fulfilled.

e p = (), numerical experiments indicate that

the constraint is satisfied.

e Fine meshes, the semi-implicit scheme is

preferable.
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Conclusion

e Both American single- and multi- asset
options can be priced efficiently by penalty

methods.

e Eixplicit scheme; easy to implement,

inefficient.

e Fully-implicit scheme; “hard to

implement”, efficient.

e Semi-implicit; “easy to implement”,

efficient.
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