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ABSTRACT

HiddenMarkov chain(HMC) models,appliedto a Hilbert-
Peanoscanof the image,constitutea fast and robust al-
ternative to hiddenMarkov randomfield (HMRF) models
for spatialregularisationof imageanalysisproblems,even
thoughthe latter provide a finer and more intuitive mod-
elling of spatialrelationships.In the framework of gener-
alisedmixtureestimationandunsupervisedclassificationof
noisyimages,wehereshow thatthetwo approachescanbe
combinedin a way that conserves their respective advan-
tages. Sampleresultsobtainedon simulatedradarimages
arepresented.

1. INTR ODUCTION

HiddenMarkov randomfield (HMRF)modelsareoftenused
to imposespatial regularity constraintson the underlying
classesof an observed imageand to allow Bayesianopti-
misationof the classification,accordingto criteria suchas
the maximuma posteriori (MAP) or the maximumposte-
rior marginal (MPM). However, the computingtime is of-
tenprohibitive with this approach.A substantiallyquicker
alternative is to usea hiddenMarkov chain(HMC) model,
which canbeadaptedto two-dimensionalanalysisthrough
aHilbert-Peanoscanof theimage[1, 2, 3, 4].

In thecaseof unsupervisedclassification,thestatistical
propertiesof thedifferentclassesareunknown andmustbe
estimated.For eachof theMarkov modelscitedabove, we
canestimatecharacteristicparameterswith iterative meth-
ods suchas estimation-maximisation(EM) [5], stochastic
estimation-maximisation(SEM)[6], or iterativeconditional
estimation(ICE) [7, 8]. Classicalmixture estimationcon-
sistsin identifying theparametersof a setof Gaussiandis-
tributions correspondingto the different classes. In gen-
eralisedmixtureestimationwe arenot limited to Gaussian
distributions,but to afinite setof distributionfamilies[9, 4].
For eachclasswe thus seekboth the correctdistribution
family andtheparametersthatbestdescribeits samples.

In a recentstudy[10], we comparedanalysisschemes
basedon HMRF andHMC modelson simulatedsynthetic
apertureradar(SAR) images.We limited ourselvesto the

ICE estimationmethodand the MPM classificationcrite-
rion. It wasshown thattheHMC methodcancompetewith
theHMRF methodin termsof classificationaccuracy, while
beingmuchfaster. The latter method,however, generally
producedmoreregular region bordersanda morevisually
pleasingresult,but the estimationof the regularity param-
etersoften failed. The idea behind the currentarticle is
thereforeto combinethe speedandrobustnessof the esti-
mationandclassificationmethodsbasedon HMCswith the
fine spatialmodellingof HMRFs.For theanalysisschemes
describedin this article,theonly image-dependentparame-
ter thatmustbeenteredby theuseris thenumberof classes.
In additionthelist of distributionfamiliesthatareallowedin
thegeneralisedmixturemustbeadaptedto theimagetype.
All otherparametersarecomputedautomatically.

The article is organisedas follows: In section2 the
HMRF andHMC modelsarebriefly introduced.Section3
givesanoverview of theICE parameterestimationmethods
andtheMPM classificationschemesfor theseMarkov mod-
els. More detaileddescriptionsof modelsandmethods,as
well asimplementationdetails,aregivenin [10]. Themain
issueof this articleis a new approach,basedon a combina-
tion of the two schemesmentionedabove. Estimationand
classificationresultsobtainedonsimulatedSARimagesare
reportedin section4, andour conclusionsare resumedin
section5.

2. MODELS

Let
�

be the finite setcorrespondingto the � pixelsof an
image. We considertwo randomprocesses�������
	��	����
and ��������	��	���� , where� representstheobservedimage
and � theunknown classimage.Typically, eachobserved
pixel amplitude�
	 dependsonseveralfactors,includingthe
radiometricpropertiesof theunderlyingclass��	 , thetrans-
fer functionof the imagingsystem,andvariousnoisephe-
nomena.Eachrandomvariable ��	 takesits valuesfrom a
finite setof classes(labels),whereaseachrealisationof �
	
is a real (or complex) value. We heresupposethat theran-
dom variables� areindependentconditionallyon � , and
thatthedistribution of each�
	 conditionalon � is equalto
its distributionconditionalon ��	 . Thisbasicallymeansthat
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(a) (b)

Fig. 1. (a) Pixel neighbourhoodstructure� and(b) associ-
atedclick families ��� and ��� in thecaseof 4-connectivity.

wesupposespatiallyuncorrelatednoise.
� is in many caseswell describedby a Markov model.

In this context we refer to it as a hiddenMarkov model,
as � is not directly observable. Theclassificationproblem
consistsin estimating���! from theobservation �"�!# .

2.1. Hidden Mark ov Random Fields

Markov randomfields aredefinedwith respectto a neigh-
bourhoodstructure� , suchastheoneshown in Fig. 1 (a).
� is a Markov randomfield if andonly if the probability
thatthepixel $ belongsto a certainclass%
	 , conditionalon
theclassesattributedto thepixelsin therestof theimage,is
equalto theprobabilityof %
	 , conditionalon theclassesof
thepixelsin its neighbourhood�&	 .

On certainconditions,which aregenerallyassumedin
digital imagery, theHammersley-Clifford theorem[11] es-
tablishesthe equivalencebetweena Markov randomfield,
definedwith respectto a certainneighbourhoodstructure
� , anda Gibbsfield whosepotentialsareassociatedwith
� . The potentialsare computedon the systemof clicks'

, which describestheelementaryrelationshipswithin the
neighbourhood.We have restrictedourselvesto a ( -neigh-
bourhoodandclick family �)� , asshown in Fig. 1, andPotts
modelwith regularityparameter* [10].

TheHammersley-Clifford theorem,Bayes’rule andthe
conditionalindependenceof thesamplesallow usto derive
analyticalexpressionsfor the global a posteriori distribu-
tion +��,�-�! /. �"�!#0� andthelocala posterioriprobabili-
ties +�����	��!%
	1. �
	)�!2�	435���768�!%96�:6;��<5=�� in theframework
of theHMRF model.

It is not possibleto createana posteriori realisationof
� accordingto +��,�>�� /. ���?#8� directly, but it canbe
approximatediteratively, e.g.with Gibbssampler[12]. This
algorithmcanalsobeusedto createa priori realisationsof
� . Due to their iterative natureandslow convergence,the
computingtime is considerable.

2.2. Hidden Mark ov Chains

A 2D imagecaneasilybetransformedinto a 1D chain,e.g.
by traversingthe imageline by line or columnby column.
Anotheralternative is to usea Hilbert-Peanoscan[1], asil-
lustratedby Fig.2. (c). GeneralisedHilbert-Peanoscans[2]
canbe appliedto imageswhoselengthandwidth arenot
powersof @ .

(a) (b) (c)

Fig. 2. Constructionof aHilbert-Peanoscanfor an8x8 im-
age:(a) initialisation,(b) intermediatestageand(c) result.

In a slightly different sensethanabove, let now ���
���A��3B���C3�D4D�D�3E��FG� and �H�I���J��3B�
�C34D�D�D�3B�
FG� be the vec-
torsof randomvariablesorderedaccordingto sucha trans-
formationof the classimageand the observed image,re-
spectively.

According to the definition, � is a first orderMarkov
chain if and only if the probability that �7KL�M%9K , given
theclassesof all theprecedingelementsin thechain �N�O�
%P��3�D4D�D�3E�7KRQJ�)�S%9KRQP� , is equalto theprobabilityof �7KA�
%9K conditionalon �7KRQJ�/�!%9KRQP� only.

Theregularityparametersof theHMC modelaretheel-
ementsof a stationarytransitionmatrix T , anda posteriori
realisationscanbecomputeddirectly, i.e.,without iteration,
throughso-calledforward-backward recursions. Unfortu-
nately, theoriginal forward-backwardrecursionsaresubject
to seriousnumericalproblems[13, 3], sowe have usedthe
alternativemethodproposedby Devijveretal. [13,10]. The
fact that no iterative proceduresarenecessaryto simulate
a posteriori realisationsmakes this approachmuch faster
thanestimationandclassificationschemesbasedonHMRF
models.

3. METHODS

In practise,theregularity parametersandtheparametersof
thedistributionsof theclassesareoftenunknown andmust
beestimatedfromtheobservation.Theproblemis thendou-
ble: We neitherknow the characteristicsof theclassesnor
whichpixelsarerepresentative for eachclass.

We first presentclassicmixture estimation,whereall
classesare supposedto be Gaussian,and then introduce
generalisedmixture estimation,whereseveral distribution
families are possiblefor eachclass. Thereare several it-
erative methodsfor mixture estimation,including EM [5],
SEM [6] andICE [7, 8]. Weonly considerthelatterhere.

In a Bayesianframework, the goal of the classification
is to determinethe realisation�U�V that “best” explains
theobservation �"�!# , in thesensethatit minimisesacer-
tain costfunction. Severalcostfunctionscanbeenvisaged,
leadingto differentcriteria, suchasthe MAP, which aims
at maximisingtheglobala posterioriprobability +��,�W. �X� ,
andthe MPM, which consistsin maximisingthe posterior
marginal distribution +�����	1. �X� for eachpixel. We here
only considerMPM classification.

Themethodsareonly describedverybriefly in thisarti-
cle,andwefocusonthedifferencesbetweenthetwoMarkov
models.As alreadymentioned,morethoroughdescriptions
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(a) (b)

(c) (d)

Fig. 3. Classificationof a simulated3-look SAR imageinto 3 classes:(a) Idealclassimage.(b) Speckledamplitudeimage.
Resultsobtained(c) with theHMRF methodand(d) with theHMC method.

andimplementationdetailsaregivenin [10]. However, we
hereexplain how thesetwo approachescanbecombinedin
orderto improve theefficiency.

3.1. Mixtur eEstimation

ICE consistsin computingtheconditionalexpectationof the
parameters.As theidealclassimage� is unknown, theICE
algorithmiteratively createsa posteriorirealisationsandre-
calculatestheclassandregularityparameters.In theframe-

work of classicmixtureestimationandHMRFs,thefollow-
ing computationstepsarecarriedout for eachiteration:
Y A certainnumberof a posteriorirealisationsarecom-

putedwith Gibbs sampler, basedon the parameters
obtainedin thepreviousiteration.

Y Theclassparameters(which arethemeanvalueand
the variancefor a scalarGaussiandistribution) and
theregularity parametersareestimatedfor eachreal-
isationandthenaveraged.
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Fig. 4. Fit of the generalisedmixture estimationperformed(a) by the HMRF methodand(b) by the HMC methodon the
simulated3-lookSAR imagewith 3 classes.

The ICE algorithmneedsinitial parameters,which can
becomputedfrom aninitial classimage.We have usedthe
K-meansalgorithm,which subdividesthegrey-levels in Z
distinctclassesiteratively.

In thecaseof HMRFs,theregularityparameter* cannot
beestimateddirectly. Wehavechosento estimate* in each
ICE iterationwith amodifiedstochasticgradientalgorithm,
relying on a seriesof a priori realisationscomputedwith
Gibbssampler[10].

In order to reducethe computationtime, we generally
computeonly onea posteriori realisationfor eachiteration
of the ICE andonly onea priori realisationfor eachitera-
tion of thestochasticgradient.This simplificationdoesnot
imply any significantperformanceloss.

Theprocedureis similar for theanalysisschemebased
on HMCs [10], exceptthata posteriori realisationscanbe
simulatedwithout iteration,throughforward-backward re-
cursions.Moreover, theregularity parameterscanbecom-
puteddirectly from the conditionalprobabilities. This ap-
proachis thereforeconsiderablyfaster.

3.2. GeneralisedMixtur eEstimation

In generalisedmixture estimation,the distribution of each
classis notnecessarilyGaussian,but canbelongto any dis-
tributionfamily in apredefinedset.This impliesthefollow-
ing modificationsto theabove ICE algorithms:

Y The parametersof all possibledistribution families
are computedfrom the a posteriori realisationsfor
eachclass.

Y The Kolmogorov-Smirnov distanceis usedto deter-
minethemostappropriatedistributionfamily for each
class[4, 10].

3.3. Classification

Whenthe distribution familiesandthe associatedparame-
tersof eachclasshave beendetermined,we canproceedto
theclassification.In thecaseof HMRFs, theMPM [14] is
computedasfollows:

Y A seriesof independenta posteriorirealisationsof �
arecomputediteratively, usingGibbssampler.

Y For eachpixel we retain the classthat hasoccurred
themostfrequentlythere.

The requirednumberof a posteriori realisationsanditera-
tionsperrealisationwill bediscussedin section4.

TheMPM solutioncanbecalculateddirectlyfor HMCs,
basedon oneforward-backward recursion. We simply at-
tributeeachpixel to theclassthatmaximisesthemarginala
posterioriprobability.

3.4. Hybrid Method

Preliminary tests[10] revealedthat the schemebasedon
HMRFsin many caseshasdifficultiesin estimatingthereg-
ularity parameters,whereastheestimationmethodbasedon
HMCsis very robust.Thelattermethodis alsomuchfaster.
Nevertheless,in caseswherethe HMRF methodestimates
theregularityparameterscorrectly, it providesamoresatis-
factoryclassificationresult. In particular, it producesmore
regularregionborders.

In orderto take advantageof thepositive sidesof both
approaches,while avoiding the negative ones,we propose
a hybrid method,wherewe first run the ICE andMPM al-
gorithmsin the framework of the HMC model, and then,
initialising with theestimatedparameters,effectuateonly a
very restrictednumberof ICE iterationsandthefinal MPM
classificationwith theHMRF versionsof thealgorithms.
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(a) (b)

(c) (d)

Fig. 5. Classificationof a simulated3-look SAR imageinto 4 classes:(a) Idealclassimage.(b) Speckledamplitudeimage.
Resultsobtained(c) with theHMRF methodand(d) with theHMC method.

4. RESULTS

In orderto comparethethreeapproachesquantitatively, we
have createdtwo simulatedsyntheticapertureradar(SAR)
images. Both visual interpretationandautomaticanalysis
of datafrom imaging radarsareparticularly difficult, due
to a fadingeffect calledspeckle, which manifestsitself as
astronggranularityin detected(amplitudeor intensity)im-
ages.For example,simpleclassificationmethodsbasedon
thresholdingof grey-levels are generallyinefficient when

appliedto speckledimages,dueto thehigh degreeof over-
lapbetweenthedistributionsof thedifferentclasses.

Thepossibledistributionfamiliesin thegeneralisedmix-
turehasbeenchosensothatthey arewell adaptedto single-
andmulti-look amplituderadarimages[15]. For simplic-
ity, we hereconsideronly two distribution families, cor-
respondingto homogeneousand textured classes,respec-
tively. Assumingthe speckleto be spatiallyuncorrelated,
the observed intensity in a zoneof constantreflectivity is
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Fig. 6. Fit of the generalisedmixture estimationperformed(a) by the HMRF methodand(b) by the HMC methodon the
simulated3-lookSAR imagewith 4 classes.

Gammadistributed. If we assumethat the radarreflectiv-
ity texture of a classis Gammadistributed, the observed
intensitywill obey aK distribution. Thecorrespondingam-
plitudedistributionsaregivenin [10]. Theequivalentnum-
ber of independentlooks [ of the imageis assumedto be
known. Themeanreflectivity \ andthe textureparameter] areestimatedautomatically[10].

4.1. SimulatedSAR Image with Thr eeClasses

Figs. 3 (a) and (b) representan ideal classimagewith 3
classesandits 3-look ( [^�`_�Dba ) speckledcounterpart.The
darkestandbrightestclassesareboth Gammadistributed,
whereastheonein themiddle is K distributedwith texture
parameter] �c(dDba . Thecontrastbetweentwo consecutive
classesis _eDbf dB. Theimagesizeis fRgh@jikfRgh@ pixels.

Let usfirst considertheICE andMPM algorithmsbased
on the HMRF model. We use30 iterationsfor the ICE al-
gorithm,with only onea posteriorirealisationperiteration.
As theresolutionis not thesameverticallyandhorizontally
for this image,we allow differentregularity parametersin
the two directions,with initial values *9lm��*onc�paRDqf .
Within eachICE iteration, the maximumnumberof iter-
ationsfor the stochasticgradientis set to 10, with one a
priori realisationperiteration,but we interrupttheiteration
earlier if *9l and *on differs lessthan aRDbadg from the previ-
ousvalues. Gibbssamplerwith asmuchas100 iterations
is usedto generatethea priori anda posteriorirealisations.
Theconvergenceof theglobalenergiesis in factquiteslow,
especiallyfor realisationsaccordingto thea priori distribu-
tion. The MPM classificationbasedon the HMRF model
relieson10 a posteriorirealisations.Theregularityparam-
eterswereestimatedto *&lA�caeDq_�r and *ons�caRDqt1u , respec-
tively. However, theclassificationresultin Fig. 3 (c) seems
far too irregular, andonly 72.7% of thepixelsarecorrectly
classified.

The numberof ICE iterationsis set to 30 also for the
correspondinganalysisschemebasedon the HMC model,
andwe computeonly onea posteriori realisationper itera-
tion. Fig. 3 (d) shows theresultof theMPM classification.
Themethodbasedon HMCs heregivesa moresatisfactory
result,with 83.9% of correctlyclassifiedpixels. In partic-
ular, the overall regularity of the imageseemsto be better
estimated.

Both methodscorrectly identify Gammadistributions
for the darkest and brightestclasses,but only the HMC
methodfoundthattheclassin themiddlewasK distributed.
The fit betweenthe estimatedandthe true distributions in
Fig. 4 is generallyvery good,exceptfor thecasewherethe
HMRF methodchoosesthewrongdistribution family.

The computingtime is quite different for the two ap-
proaches:The programmebasedon HMRFs spentabout
120minuteson a PC with a PentiumIII 733MHz proces-
sorrunningLinux, whereastheprogrammebasedonHMCs
only needed3 minutesand 12 seconds.Hencethe latter
methodwas37 timesquicker for this image.

4.2. SimulatedSAR Imagewith Four Classes

Fig. 5 (a) representsan ideal andapproximatelyisotropic
fegh@7ivfRgh@ classimagewith 4 classes,andFig. 5 (b) shows
the correspondingspeckledimage. The parametersettings
and the radiometriccharacteristicsof the classesare the
sameas for the imagein Fig. 3, except that an additional
Gammadistributedclasswith higher reflectivity hasbeen
added.Fig. 5 (c) and(d) representtheresultsobtainedwith
theHMRF andHMC methods,respectively.

Theregularity parameterfor theHMRF methodis here
*S�waeDqtxf , which visually givesa very satisfactory result,
andthe proportionof correctlyclassifiedpixels is 87.0%,
whereasit is 85.2% for the methodbasedon HMCs. The
bordersareslightly moreirregularfor thelattermethod,but
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(a) (b)

Fig. 7. Classificationresultsfor thesimulated3-lookSAR imageswith (a)3 classesand(b) 4 classes,obtainedwith thenew
methodcombiningHMC andHMRF models.
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Fig. 8. Fit of thegeneralisedmixtureestimationfor thesimulated3-look SAR imageswith (a) 3 classesand(b) 4 classes,
obtainedwith thenew methodcombiningHMC andHMRF models.

someof the narrow structuresare betterpreserved. Both
methodscorrectlyidentifiedthe distribution familiesof all
four classes,andthefit of theestimateddistributionsis com-
parable,ascanbe seenfrom Fig. 6. The HMC algorithm
was,however, 25timesfaster. Thecomputingtimewashere
3 minutesand19 seconds,against84 minutesand21 sec-
ondsfor theHMRF method.

4.3. Hybrid Method

The rationaleof the new hybrid methoddescribedin sec-
tion 3.4 is to combinethe computingspeedandthe robust

mixtureestimationof theHMC methodwith thefinespatial
definition of HMRF models. We have used30 ICE itera-
tions for the HMC part, followed by onesingleICE itera-
tion with onea posteriorirealisationandtheMPM with 10
a posteriorirealisationsfor theHMRF algorithms.

Fig. 7 (a) representsthe classificationresult obtained
with the new methodon the simulatedSAR imagewith 3
classes.Visually, the classificationresult is far betterthan
thosegivenin Fig. 3, andtheportionof correctlyclassified
pixels hasincreasedto 85.8 %. The distribution families
of thedifferentclassesarecorrectlyidentified,andtheesti-
matedregularity parametersare *9l��LaRDqtRg and *9nj�LaRDqt�r .
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ComparingFig. 8 (a) with Figs.4 (a) and(b), we seethat
theoverallfit of theestimateddistributionsis improved.The
computingtimeis 11m 38s,which is nearly4 timesslower
thanthealgorithmbasedonHMCs,but 10 timesfasterthan
themethodbasedonHMRFs.

Likewise, Fig. 7 (b) representsthe classificationresult
obtainedwith thehybrid methodon thesimulatedSAR im-
agewith 4 classes.It is verycloseto theclassificationresult
in Fig. 5 (c), obtainedwith the HMRF method. The por-
tion of correctlyclassifiedpixels is the same(87.0%) and
theestimatedregularityparameteris veryclose( *N�^aeDqt�r ),
but thenew methodis approximately7 timesfaster. Thefit
of the estimateddistributions,shown in Fig. 8 (b), is also
slightly better.

5. CONCLUSION

This article describesunsupervisedclassificationof noisy
imagesin theframework of hiddenMarkov modelsandgen-
eralisedmixtureestimation.Methodsbasedon HMCs, ap-
plied to a Hilbert-Peanoscanof the image,constitutean
interestingalternative to methodsbasedonHMRFs,mainly
becausethey areconsiderablyfasterandbecausethe esti-
mation of the regularity parametersis much more robust.
However, HMRFs ultimately offer finer spatialmodelling.
We thereforeproposea new hybrid method,wherewe use
HMCs first and HMRFs only for the final estimationand
classification. Testson simulatedSAR imageshave con-
firmed that thehybrid methodis fastandrobustandyields
excellentmixtureestimationandclassificationresults.

6. ACKNOWLEDGMENTS

Part of this work waseffectuatedin the framework of the
project “Segmentationd’ImagesRadar”, financedby the
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